UNIVERSALITY OF BLOW-UP PROFILE FOR SMALL RADIAL TYPE II 
BLOW-UP SOLUTIONS OF ENERGY-CRITICAL WAVE EQUATION 



THOMAS DUYCKAERTS\ CARLOS KENIG^ AND FRANK MERLE^ 



Abstract. Consider the energy critical focusing wave equation on the Euchdian space. A 
blow-up type II solution of this equation is a solution which has finite time of existence but 
stays bounded in the energy space. The aim of this work is to exhibit universal properties of 
such solutions. 

Let W be the unique radial positive stationary solution of the equation. Our main result 
is that in dimension 3, under an appropriate smallness assumption, any type II blow-up radial 
solution is essentially the sum of a rescaled W concentrating at the origin and a small remainder 
which is continuous with respect to the time variable in the energy space. This is coherent with 
the solutions constructed by Krieger, Schlag and Tataru. One ingredient of our proof is that 
the unique radial solution which is compact up to scaling is equal to W up to symmetries. 



Contents 

1. Introduction 1 

2. Preliminaries l5 

3. Description of general type II blow-up solutions 12 

4. Finite speed of propagation and exclusion of small exterior profiles 18 

5. Rigidity argument for non-self-similar blow-up 2S 

6. All radial compact solutions are stationary 36 

7. Bounded globally defined solutions are not self-similar 4C 

8. Proof of the main result 44 
Appendix A. Properties of profiles 53 
Appendix B. Family of sequences of positive numbers 57 
References 58 



1. Introduction 

Consider the focusing energy-critical wave equation on an interval / (0 G /) 



(1.1) 



d^u- Au-\u\^u = 0, {t,x)eIxR^ 
uit=o = uo e H^, dtUit=o = ui e L^, 
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2(JV+1) 

where u is real-valued, N G {3, 4, 5}, and := H^(R^). We will denote by S{I) := L~n^ (I x 
M^). We will often restrict ourselves to the case of radial solutions in space dimension = 3. 

The Cauchy problem (jl.ip is locally well-posed in x L^. This space is invariant by the 
scaling of the equation: if li is a solution to (|l.ip . A > and 

_ 1 /t X 

then u\ is also a solution and ||'Ua(0)||j:^i = IKo||/ji) l|f?t^A(0)||2,2 = ||mi||j;^2. 

Let r+ G (0, +oo] be the maximal positive time of definition for the solution u. It satisfies 
the following finite time blow-up criterion 

(1.2) T+ < oo ^ \\u\\s{o,T+) = +00. 

Note that this criterion does not rule out type II blow-up, i.e. solutions such that r+ < oo and 

(1.3) sup \\dtu{t)\\l2 + \\Vu{t)\\l2 < oo. 

ie[0,T+) 

This is different to the case of lower order non-linearity (of the form with p < ^^), 

where the finite time blow-up implies the blow-up of the energy norm. 

Energy arguments of Levine type |Lev74j are not expected to give directly type II blow-up. 
Examples of radial type II blow-up solutions of (jl.ip were constructed in space dimension = 3 
by Krieger, Schlag and Tataru |KST09j . The aim of this article is to exhibit universal properties 
of this type of solutions. 

Let 

(1-4) W:=- ^ ,v_, , 



1 + 



2 



which is a stationary solution of (jl.ip . The construction of |KST09| relies on an elaborate fixed 
point argument which yields the following description of the solution 

(1.5) „(*) = _I_„,(_2_) 

where X{t) = {T+ - t)^+'', > and 

(1.6) lim [ \Ve{t)\^dx+ [ \dte{t)\'^ dx + [ \e{t)f dx = 0. 

J \x\<T+~t J\x\<T+-t J\x\<T+~t 

In this work, we investigate the converse problem: if we consider an arbitrary type II radial 
blow-up solution, does such a decomposition hold? 

We will obtain this result in an appropriate smallness case. From |KM08j . if, 

sup \\Vu{t)\\l, + \\dMt)\\l, < \\vw\\l„ 
te[o,T+) 

then = -l-oo and the solution scatters forward in time, and in particular does not blow 
up. In this work, the authors introduce a general road map to tackle such critical problems 
in focusing and defocusing situations. From a concentration-compactness result (in this case 
|BG99j ). one reduces the proof to some rigidity property of solutions of (jl.ip that are compact 
in the energy space up to the invariances of the equation. This rigidity property has to be shown 
by independent arguments. 
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The threshold ||VH^||^2 is sharp. Indeed from |KST09| . for all % > there exists a type II 
blow-up solution such that 

(1.7) sup \\Vu{t)\\l, + \\dtu{t)\\l, < \\VW\\l, + r?o. 

ie[o,T+) 

In the present article, we consider type II blow-up solutions such that (|1.7p holds. Our main 
result is the following. 

Theorem 1. Assume that N = 3. There exists i]q > such that for any radial solution u of 
(jl.ip such that T^{u) = Tj^ < oo that satifies (jl.Tp . there exist a solution v{t) of (jl.ip defined 
in a neighborhood of t = T^, a sign lq G {il}; and a positive function X{t) on (0, T4.) such 
that, as t ^ T^, 

(1.8) n{t) = v{t) + j^^W + 0(1) ^n H\ 

(1.9) dtu{t) = dtv{t) + 0(1) in L^, 

(1.10) X{t) = o{T+ - t). 

Note that (jl.8p . (jl.Op imply that u is of the form (jl.Sp with e satisfying (jl.6p : any radial 
blow-up solution satisfying (jl.Zp is of the type of the solutions constructed by Krieger, Schlag 
and Tataru. 

As it is now well-known from previous works on similar problems (see remarks below), the 
result is based on classification of solutions of (jl.ip that are compact up to the symmetry of the 
equation. We state this result for its own interest. 

Theorem 2. Let u be a nonzero radial solution of (11. ip in space dimension N = {3,4,5}. 
Assume that there exists a function X{t) oft £ (T_(u), T_|_(n)) such that 

K = \^(^x^/^-\t)u{t,x{t)-),x^/\t)dtu{t,x{t)-)'^ , t em} 

has compact closure in x . Then there exist Aq > and a sign lq G {±1} such that 

(^) ■ 

Remark 1.1. The proof of Theorem [2] (see Section [6]) uses the material of |DM08j . where a first 
classification result of this type was obtained. Namely, at the energy threshold E{uo,ui) = 
E{W,0), all solutions such that / |VnoP + / < / |VI^p are globally defined, and the only 
ones that do not scatter are (up to the transformations of the equation) W and a solution W~ , 
which scatters backward in time and tends to W exponentially as t goes to -|-oo. 

Remark 1.2. These results are essential to understand type II blow-up. After one has exhibited 
an universal profile for blow-up, one can hope using local dynamics near W, or linearization 
around W (see e.g. |KS07j ) to understand the possible blow-up speeds, which will complete 
the program to understand type II blow-up. Moreover, this is the first step to prove that the 
boundary of the set of initial data that lead to blow-up is given by type II blow-up solutions. 

The proof of Theorem [1] highlights, through the mechanism of profile decomposition and the 
finite speed of propagation, why the only candidates to be type II blow-up profiles are compact 
solutions. The only case where such a striking fact was established was for GKdV by Martel 
and Merle [MMOni iMMnT] . 
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Remark 1.3. In the case of nonlinear wave maps, all blow-up solutions are of type II: the equation 
is defocusing, in the sense that the energy provides a bound on the energy norm. An analogue 
of Theorem [1] is known locally in space for a sequence of times (without size condition due to the 
defocusing nature of the equation). Namely, if ti is a blow-up solution, there exist a sequence of 
times tn — > 7+ and a sequence — > 0"*" such that u{tn,x/Xn) tends to a nonlinear object. This 
follows from a remarkable paper of Christodoulou and Tahvildar-Zadeh |CTZ93j . See also the 
article of Shatah and Tahvildar-Zadeh |STZ97j which established a result similar to Theorem 
[2] in this context, the articles of Struwe |Str021 [StrOSj . and the recent preprint of Sterbenz and 
Tataru |ST09j for the general case of solutions without any special invariant properties. We also 
refer to the works of Rodnianski and Sterbenz |RSj . Krieger, Schlag and Tataru [KSTOSj and 
Raphael and Rodnianski [RRj for the construction of blow-up solutions. 

Remark 1.4. Universality of blow-up profiles for a critical equation, as t goes to the blow-up time 
T+ (without restriction to a sequence of times) was established, also under smallness condition, 
in two cases: 

- for the critical KdV equation 

Ut = (Uxx + U^)x, X GR 

by classification of compact solutions of the GKdV equation: see Martel Merle |MM001 
lMMnT|lMMn2j : 

- for the mass-critical NLS equation 

4_ 

iut = Au + \u\nu, 1 < N < 5 

by Merle and Raphael, by classification of solutions that are nondispersive (in a weak 
sense) [MRMj . 

See also the subcritical wave equation in dimension one where all blow-up profiles were found 
by Merle and Zaag |MZ07l IMZOSj for general data (see the work of Caffarelli and Friedman for 
specific data |CF86j ). 

We next sketch the proof of Theorem [H 

Consider a radial, blow-up solution u of (|l.ip in space dimension = 3 that satisfies (|1.7|) 
and assume for simplicity that the blow-up time T^{u) is 1. As is shown in Section [Sj u may 
be decomposed as the sum of a solution to (jl.l|) which is well-defined around the blow-up 
time, and a singular part a{t,x) which is supported in the light cone |2;| < 1 — t. Consider a 
sequence tn — > 1~ and a Bahouri-Gerard |BG99] profile decomposition associated to the sequence 
{a{tn), dta{tn))n- According to the result of |KM08j . the bound (jl.7|) implies that there is one 
large profile and that the other profiles are small (see Remark l3.10p . This contrasts with |KM08j 
where the minimality of the solution imposes automatically that there is only one profile (the 
large one). In our case, we must show by another mechanism that the small profiles do not exist, 
which would imply by Theorem [2] that the large profile is W, yielding Theorem [TJ 

The main idea to exclude the small profiles is that any small block of energy norm decoupled 
from the main profile would yield, for each time t„, a non negligible amount of energy norm 
localized on a light cone0 By finite speed of propagation one can show that these small energy 
blocks, localized in disjoint light cones, sum up, implying the blow-up of the energy norm, which 

"'^This follows from a property of the radial three-dimensional linear wave equation that does not hold in the 
non-radial setting or in higher dimensions (see Lemma [4. 2|) . which is the main reason why we restricted ourselves 
to radial solutions in space dimension = 3. 
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contradicts the bound (jl.7p . A similar phenomenon is highhghted in the context of the nonUnear 
Schrodinger equation in |MR05l [MROSj . Unfortunately, this strategy can be implemented only 
for a class of profiles that are very small and exterior in a certain sense (see Proposition I4.4p . 
and we must exclude the other small profiles by indirect means (see Sections O [7] and [8]) . 

By Proposition 15.11 the existence of a sequence r„ — > 1~ such that a(r„) concentrates at a 
speed faster than self-similar implies, at least for another sequence of times tn — > 1~, that all 
profiles are equal to the stationary solution W. This property follows from rigidity arguments 
involving virial type identities. In particular, there cannot be small profiles, and the bound (jl.7p 
implies that W is the only profile for this particular sequence tn- This yields the strong condition 
that the energy of the singular part E{a, dto) tends to E{W, 0) as t — > 1~ (see Corollary I8.3P 
which can be combined with the results of |KM08j to complete the proof (see ^8.31 and ^8.4p . 

It remains to exclude the case of self-similar concentration, which is the object of Proposition 
18.21 For this, we argue by contradiction, showing (as a consequence of the non-existence of 
small exterior profiles) that this self-similar concentration, if it exists, must concern the large 
profile. The solution of (jl.ip corresponding to this profile is globally defined and non-scattering 
backward in time, satisfies a global bound similar to ()1.7p for negative times, and is partially 
located around the light cone \t\ = \x\, as t — > — oo. This type of solution is excluded by 
Proposition 17. H using the non-existence, shown in |KM08] . of self-similar blow-up solutions of 
p.ip which are compact up to scaling. 

The outline of the paper is as follows. 

After some preliminaries (Section [2]), we give in Section [3] general results on type II blow-up 
solutions of (jl.ip in space dimensions = 3, 4, 5. In the two next sections we restrict ourselves 
to radial solutions in space dimension 3. In Section |4] we show the nonexistence of small exterior 
profiles for a radial type II blow-up solution. In Section [H we assume that the solution does not 
concentrate at a self-similar rate, and show that in this case, there exists a sequence tn — > T+ 
such that u{tn) decomposes as a sum of rescaled stationary solutions. 

In the two following sections, we consider solutions of (jl.ip that do not blow up in finite time. 
Section [6] is devoted to the proof of Theorem [2l which is a consequence of the classification 
result of |DM08j . Section [7] is concerned with the localization of the energy for globally defined, 
bounded, non-scattering solutions of (jl.ip . 

Section [8] gathers the results of all previous Sections to prove Theorem [TJ In Appendix lAl we 
prove some technical properties of profile decompositions. Appendix iBl shows a simple result on 
a family of sequences of positive numbers which is needed in some parts of the proof. 

In all the article, for sequences of positive numbers {an}n and {[in}n, we will write <C /?n 
when an/ [in ^ as n ^ oo, and a„ « when C~^a„ < /?„ < Ca„ for some large constant n. 
We will denote by o„(l) a sequence that goes to as n goes to oo. 



2. Preliminaries 



2.1. Cauchy problem. The Cauchy problem for equation (jl.ip was developped in |Pec84j 
ICSV921 ILSMI [SS941 ISSMl |Sog95t |Kap94| . If J is an interval, we denote by 



2(iV+l) , 2(JV+1) , ,r, 2(iV+l) , ..^ 

S{I) = {I X M^) , W{I) = {I X M^) , N{I) = {l x M^) 
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Let Si^{t) be the one-parameter group associated to the hnear wave equation. By definition, if 
ivo,vi) £ X L'^ and t eR, v{t) = Si^{t){vo,vi) is the solution of 

(2.1) d^v -Av = 0, 

(2.2) vit=o = vo, dtVit=o = vi. 
We have 



Sj^{t){vo,vi) = cos(t\/-A)z;o + 



1 



sm 



Vl. 



By Strichartz and Sobolev estimates, 



(2.3) 



+ 



< Cs (Ibollm + \\vi\\l^ 



A solution of (jl.ip on an interval /, where G /, is a function u G C^{I,H^) such that 
5inGC0(I,L2), 

(2.4) J<^I^ WOy^uWwij) + \\u\\s{j) < oo 

satisfying the Duhamel formulation 



(2.5) 



u{t) = S{t)uo 



sin {{t - s)^/^A) 

7^^ 



u{s)\ N-2u{s)) ds. 



We recall there exists a small (5o > such that for any interval / containing and any (mq , ui ) G 
X such that 

(2.6) \\S^{t){uo,ui)\\s^i)<do, 

there exists an unique solution u of (jl.ip on /. Furthermore if 5q is chosen small enough, this 
solution satisfies: 

(2.7) \\u\\sii)) <2\\S^{t)iuo,ui)\\s^iy 

Sticking together these local solutions, we get that for any initial condition (uq,ui) in the 
energy space, there exists an unique solution u of (II. ip . which is defined on a maximal interval 
of definition 

-^max = Ima.AuO,Ul) = {T^ {uq , Ui) , T+ {uq , Ui)) . 

We will often write Ima.x{u), T±{u), instead oi Iraax{uo,ui), T±{uo,ui). 

If ||SL(i)('Uo5 iii)|l5(/) = ^ < (^Oi then u is close to the linear solution with initial condition 



(no,ni) in the following sense: if A = Dx SL{t){uo,ui 



Win 



we have 



(2.8) \\u{-)-S^{-){uo,ui)\\s^i) 

+ sup{\\u{t)-S^{t){uo,ui)\\^i + \\dMt)-dt{S^it){uo,ui))\\L2) < CA6^, 
tei 

(see for example |KM06j . proof of Theorem 2.7). 

Any solution u of (jl.ip satisfies the blow-up criterion (jl.2p . and the analogue for negative 
time. As a consequence, if ||ti||5(o,T+) < co, then = +cxo. Furthermore in this case, the 
solution scatters forward in time in x L^: there exists a solution v of the linear equation 
(|2J]) such that 

lim \\u{t) - v{t)\\L2 + \\dtu{t) - dtv{t)\\L2 = 0. 

t— >+oo 
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Of course an analoguous statement holds backward in time also. 

We next recall a long-time perturbation theory result for (jl.ip (see Theorem 2.20 of |KM08j ). 

Theorem 2.1. Let M > 0. There exists Sq = £o{M) with the following property. Let / C M 6e 
a time interval such that £ I, and u he defined on I x such that 



\u\\s{i)+^^v{\\u{t)\\m + \\dtu{t)\\L^) <M, J(^I 
tei 



W{J) 



< oo, 



Denote by {uq,ui) = {u{0) , dtu{0)) . Consider {uo,ui) G x and e G (0, eo)- Assume 



din 



\U\ N~2u 



{t,x) e I X 



and \\uo — uq\\^i + ||ni — ^1112,2 + 



N{I) 



< £. 



Then the solution u of with initial condition {uo,ui) satisfies Imax{u) C / and for a (3o > 0, 



\\u\\sii) < C(M), (^sup||t/(t) - u{t)\\^, + \\dMt) - dtumL^j < C{M)e^\ 

2.2. Remarks on stationary solutions of Recall from (jl.4p the definition of the sta- 

tionary solution W . It is known from the works of T. Aubin |Aub76j and G. Talenti |Tal76j that 
W is the unique minimizer, up to translation, scaling and multiplication by a scalar constant, 
for the Sobolev inequality on 

\\f\\^^^<CM\\Vf\\L^. 

By a classical ODE argument, we also have the following uniqueness result: 
Claim 2.2. Let U he a (real) iir^(M^) radial solution of 

At/ + |C/|^C/ = 0. 

Then 



U = Q or 3Ao > 0, [/ 



1 



X 2 



-W[ — 

An 



Note that the equation AW^-^VF^-a = implies E{W, 0) = ^ / \VW\'^ > 0. This fact is used 
to prove the following variational properties of W which will be needed throughout the paper. 



Claim 2.3. Let v e . Then 

(2.9) ||Vw||^2 < ||VVF||^2 andE{v,0) < E{W,0) 



\Vv\ 



L2 



< 



\vw\ 



L2 



E{W, 0) 



E{v,0) = NE{v,0). 



Furthermore, if ||Vi;| 



L2 



< 



N 
N~2 



JV-2 
2 



iVH^II^a, then E{v,0) > 0. 



Proof. The first part of the claim is shown in [DM08j (see the proof of Claim 2.4). For the 
second part, write 



Eiv,0) 



\Vv\ 



N 



2N 



2N 1 

\v\ ^^-2 > - 
I I - 2 



N 



2N 



9 2N 
/~lN-2 



■'N 



\SJv\ 



N 

JV-2 
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where Cat is the best constant in the Sobolev inequahty ||f|| 2n < CAr||V7;||^2. Let y = / \Vv\^ 

N-2 

and assume that E{v, 0) is negative. Then 

1 N-2 N 

2 2N ^ 

■2N ^ 

This shows that y > y^,, where y^, is the unique positive solution of — ^^^C^~'^ y^-^ = 0. 

N-2 

Using that C^^ = J \VW\'^ , we obtain y* — ( j^z^ j J | VH^p, which concludes the proof. D 



2.3. Profile decomposition. We recall here the profile decomposition of H. Bahouri and 
P. Gerard |BG99j . This paper is written in space dimension = 3 but the results stated 
below hold in all dimension > 3. See also |BC85j and |Lio85j for the elliptic case and |MV98| 
for the Schrodinger equation. 

Consider a sequence (f o, ,nj '^i,n)n whicli is bounded in x L'^. Let {UDj>Q be a sequence of 
solutions of the linear equation (j2.ip . with initial data ([/q, Ul) G x L^, and {Xj,n', Xj^n] tj,n) G 
(0, +oo) X X M, j, n G N, be a family of parameters satisfying the pseudo-orthogonality 
relation 

/„ 1 • / 7 V I- I Xk,n , \tj,n ~ tk,n\ , \Xj n ~ Xk n\ , 

(2.10) J ^ k =^ hm + — ^ + ■ \ ^ — = +00. 



We say that {vo^n,vi^n)n admits a profile decomposition ^Ul^ , {Xj,n,Xj^n',tj^n}j ^ when 

VO,n = -EEl^^ fir^' ^Y^) + <n(^), 



(2.11) 



with 



(2.12) lim limsup ||i(;;[|L.„- = 0, 

where is the solution of (|2.ip with initial conditions (wq„,u)/„). Then: 

Theorem 2.4 ( |BG99j ). If the sequence {vo^n,vi^n)n is bounded in the energy space x , there 
always exists a subsequence of {vQ^n,vi^n)n which admits a profile decomposition. Furthermore, 

N-2 JV 

J ^-^ . ™ I \ „A \ 2 Q „,,J 



(2.13) j < J ^ A • ^ w;„ (tj- „, + Aj- „y) , X ^ dtw^ (tj>, Xj> + A^- „y) 
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weakly in x L^, and the following Pythagorean expansions hold for all J > 1 



(2.14) 
(2.15) 
(2.16) 



K~ii«.-E||-.'(i^) 



J 

||^^l,n|li2 = Y^ 

i=i 



dtU( 



Hi 
2 

L2 



+ |hl,n|lL2 +On(l) 



Replacing [/l (*i x) by (*i 3:^) 



N-2 Ul 



A. 



for some good choice of the parameters 



Aj, tj, and extracting subsequences, we can always assume that one of the following two cases 
occurs 



(2.17) 



Vn, ti n = or lim 



G {— cx), +00}. 



We will need the following bound on the parameters: 

Lemma 2.5. Let Vn be as above and {/-fn}n be a sequence of positive numbers. Assume 



(2.18) 



lim lim sup 

+ J\x\>Rfln 



|V-yo,n|^ + vl,n) dx = 0. 



Then for all j, the sequences I i , I '^jf- \ and \ !■ are bounded. Furthermore, there is 
at most one j such that |^7^| does not converge to 0. 

Proof. The = 1 follows from [BG99j (see p. 154-155 for the proof). For the general case, 

apply the result of the case 

= 1 to the rescaled sequence {vQ^niVi^n)n defined by 



□ 



Notation 2.6. For any profile decomposition with profiles ^'^d parameters {\j^nAj,mXj^n\: 



we will denote by {C^-' } the non- linear profiles associated with |c/l 
are the unique solutions of (jl.ip such that for all n, G /max 



lim 



A 



ul 



A 



+ 



A 



j.n 

W) and 



dtUl 



which 



A 



0. 



L2 



Assuming (12.170 . the proof of the existence of follows from the local existence for (II. ip if 
tj,n = and from the existence of wave operators for equation (jl.ip if tj^n/^j.n tends to ±00. By 
the Strichartz inequalities on the linear problem and the small data Cauchy theory (see ()2.7p ). 



if lim, 
(2.19) 



n— ►+00 



^ = +00, then r+ (W) = +00 and 



so > {W) ^ \\W\\siso,+oo) < ^, 



an analoguous statement holds in the case lim. 



+00. 
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Notation 2.7. We will often write, for the sake of simplicity 

^) - ^) • ^"<*- ^> - ^) ■ 

We will need the following approximation result, which follows from Theorem 12.11 and is an 
adaptation to the focusing case of the result of Bahouri-Gerard (see the Main Theorem p. 135 
in [BG99]). 

Proposition 2.8. Let {(t'cn; ^^i,n)}n be a bounded sequence in x L^, which admits the profile 
decomposition (j2.1ip . Let On G (0,+oo). Assume that for all n, 

Q ^ , 

(2.20) Vj > 1, Vn, — — < Tj^{U^) and lim sup 1 1 1 1 / tj.„ en-tj,„^ < oo. 

Let 6e i/ie solution of p.l|) wit/i initial data (^"0,^ ^^i,n)- Then for large n, Un is defined on 

(2.21) limsup ||m„||5(o,0„) < oo, 

n— >+oo 

and 

J 

(2.22) ViG[0,e„), u„(t,x) =^[/^(t,x) + i/;;((t,x)+r;[(t,a;), 
where 

(2.23) lim limsup||r;(||s(o,9„)+ sup (||Vr;[(t)||i2 + ||9tr;[(t)||^2) = 0. 

analoguous statement holds if 6^ < 0. 
Remark 2.9. Assume that for all j, at least one of the following occurs: 

(a) ||f7ol| rji + < -pr, where the constant Cs is given by the Strichartz estimate (|2.3|) 
and 6o by the small data theory; 

(b) lim —JiH = -\-oo, 

n-^+oo Xj n 

(c) hmsup ^" "^^'" <T+{W). 

n— »+oo ■^j,n 

Then (j2.20p holds. Indeed in case (|aj), it follows from (12. 3p and the small data theory. In case 
([bl), it follows directly from the small data theory: see (j2.19p . It remains to treat case (jcj), 
when tj^n = or —tj^n/^j,n — oo. If tj^ri = 0, then by definition T_ (f^-') < and (j2.20p is 
a consequence of ()2.4p and If —tj^n/^j,n — > — oo, then the analogue of p.lOp for negative 
times and ((c| imply (12.201) . 

Remark 2.10. When N is odd, under the assumptions of Proposition 12.81 we have localized 
pseudo-orthogonality properties for all time of the interval (0, 6'„) as follows: let Tn G (0, 6'„) for 
all n, {fin} be any sequence of positive numbers and x ^ Cq°{M.^) be radial and such that x = 1 
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in a neighborhood of 0. Then, if cp = 1, (p = x or (f = 1 — one can show after extraction the 
fohowing Pythagorean expansion: 



f{ \^t,xWniTn)\ dx+Onil), 



X 

fJ-n 

where |Vt^2,.up = (dtu)'^ + jVxitp- This follows easily from Claim ETT] in the appendix and we 
omit the proof. 

4 

Sketch of proo f o f Proposition \27ol Denote by F{u) = \u\'^-'^u the nonlinearity. Let 

J 



X 



Xjn 



We will apply Theorem 12. II to tt„ and Un for large n. 

We notice that there exists Jq > such that for all j > Jq + 1, 



(2.24) 



Vi > Jo + 1, 



< So, 



where 6o is given by the small data theory for (jl.ip . Indeed, it is an immediate consequence of 
the Pythagorean expansions (12.14p . (12.15P and Strichartz estimates. Thus we can use the small 
data theory which implies by (12. 7p 



(2.25) Vj > Jo + 1, P'Ws^K) <C[\\Ua^, + \\Ui\\L2) . 

Fixing a large J, one can show, as a consequence of the orthogonality (j2.10p of the parameters, 
J 



1 



1=1 X ' 



N-2 
2 



2(iV+l) 
JV-2 J 

= E 



iV-2 
X 2 



S'(0,9„) 

Combining with ()2.25p and the Pythagorean expansions (j2.14p . ()2.15p . we get 



2(iV+l) 
N-2 



+ o„(l). 



S{0,6»„) 



limsuplimsup ||ii„||5(o,0„) < oo. 

J— »oo n^co 



Let J > Jo and ei = {df - A)n;( - F{u:^). Then 
J 



e;((i,x) 



1 



-W 



=1 V A 



t - 1 



X 



1 rr? / ^ ^j.n 



N-2 



Xj,n 



+ wi 



From (12.20p and again the orthogonality (12.10p of the parameters, we can deduce 



lim lim sup 



Af(0,T„) 



0. 



Furthermore 

which yields by Theorem 12.11 the conclusion of the proposition. 

We will also need the following technical claim. The proof is postponed to Appendix [Al 



□ 
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Claim 2.11. Assume that N is odd. Let Wn be a sequence of the radial solutions to the linear 
wave equation (j2.ip with bounded energy and such that 

(2.26) lim ||i«„,||s(K) = 0. 

n— >oo ^ ' 



Let {wQ^n,wi^n) be the initial data of Wn, X ^ Cq°(M ), radial and such that X = 1 around the 
origin, and A„ be a sequence of positive numbers and consider the solution to (j2.ip with 
initial data {wo,n,wi,n) = (^^{\x\/Xn}wo^n,v{\x\/Xn)wi^n^ , where ip = X or (p = 1 — x- Then 

(2.27) lim ||t?n||5(R) = 0- 



n— >oo 

3. Description of general type II blow-up solutions 

In this section we consider a general type II blow-up solution of (jl.l|) in space dimension 
N £ {3,4,5}, that is a solution u bounded in the energy space and such that T+(ii) < oo. We 
do not assume that u is spherically symetric. 



Definition 3.1. Let xq € M . We will say that the point xq is regular if 

(3.1) Ve > 0, 3R, Vt G [0, T+{u)), / \Vu\^ + , ^ + {dtuf < e. 

J\x-xo\<R F ~ 

If Xq is not regular, we will say that it is singular. We will denote by S the set of singular points. 

Theorem 3.2. Let u be a solution of (jl.ip with type LI blow-up forward in time, and = T^{u) 
the blow-up time. Then there exists K £ N* and K distinct points mi, . . . ,mK ofM.^ such that 
S = {mi, . . . ,m/^}. Furthermore there exists {vo,vi) G x such that 

(3.2) {u{t),dtu{t)) ^ {vQ,vi) weakly in x L^ . 

Lf ip £ C^(M^) is equal to 1 around each singular point, we have 

(3.3) ^hm 11(1 - ^) {u{t) - vo)\\^, + 11(1 - ^) {dtu{t) - v^)\\^, = 0. 

Furthermore, if k £ 1 . . . K , 

(3.4) lim sup / \Vu{t,x)\'^ + \dtu{t,x)\'^ > [ \VW\'^ 

(3.5) liminf / \Vu{t,x)\'^ + \dtu{t,x)\'^ > ^ [ {VWl"^. 

*^'^+ J\x-mk\<\t-T+\ N J 

Definition 3.3. Under the assumptions of Theorem 13.21 le v be the solutions of (jl.ip such 
that {v{T^),dtv{T^)) = {vq,vi). We will call v the regular part of u at the blow-up time T+, 
and a = u — V the singular part of u. Note that (j3.3p implies, together with the finite speed of 
propagation, that 

K 

suppa C |(*5 ^)i 1^ ~ f^k\ < |i — 7+1 |. 
fc=i 

This section is divided into two parts. In ^3.11 we perform a first analysis of the behaviour of 
u around each singular point, showing (j3.2p and (|3.3p . In ^3.21 we write a profile decomposition 
of the solution around each singular point to show (|3.4p and (|3.5p . 

We will assume in all the sequel without loss of generality that the blow-up time is 7+(n) = 1. 
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3.1. Generality on regular and singular points. 

Lemma 3.4. There exists a constant 5i > with the following properties: 

(a) for all xq G M^, to G (0, 1) and R>0, if 

[ |Vn(to)|' + \dMto)\^ + ^-—\u{to)f < 5i, 

J\x-xo\<\to~l\+R \X — Xo\ 

and if G Cq°{M.^) has compact support in {\x — xo\ < R}, then {ipu(t) , (pdtu{t)) has a 
limit in x as t ^ 1; 

(b) for all to G (0, 1), and R> 0, if 

\Vu{to)\^ + \dtu{to)\^ + ^k(to)|' < Si, 

x\>R FI 

and if G C°°(M'^) is equal to 1 at infinity and is supported in the set \x\ > -R + |1 — tol; 
then {ipu{t) , ipdtu{t)) has a a limit in X ast ^1. 

Proof. Let us prove (jaj). Assume that for some parameter r/o > to be determined later, 

|Vn(to)P + |5tn(to)|' + I ^|n(to)|' < %^(VF,0). 

a:-a;o|<|to-l|+-R \X — Xo\ 

If Tjo is chosen small enough, then, by a standard extension theorem, there exist uq G H^, ui G Lp' 
compactly supported on and such that 

(3.6) uo{x) = u{to, x) and ui = dtu{to,x) if \x — xo\ < |to — M + 

(3.7) / |Vno|^ + |ni|^ + i ^-^luol"^ <Cr]oE{W,0) <E{W,0). 

Jrn \x-xo\^ 

Consider the solution u of (jl.ip with initial condition (uq, ui) at t = to. By (j3.7p . we have 
E{uo,ui) = \f \Vuo\^ + ]-[ \ui\^-^^[ l^ol^ <^(W^,0) 



IIVmoIIL <EiW,0) < J\VW\ 



By the result of Kenig-Merle |KM08j . u is globally defined. The mapping t ^ {u{t) , dtu{t)) is 
continuous from M to x L^. By the finite speed of propagation and (j3.6p . 

yt G [to, 1], Vx G M^, \x — xol < |t — 1| + -R =^ u{t, x) = u{t, x), dtu{t, x) = dtu{t, x), 

In particular, {ipu(t), (pdtu{t)) = {ipu{t), ipdtu{t)) has a limit as t — > 1, which concludes the proof 
of case (jaj). 

Case (|b|) is similar. Indeed in this case, if 6i is small enough, there exist uq and ui such that 



Hoix) = u{to,x) and ui = dtu{to,x) if |x| > R, 
I \Vuo\^ + \ui\^ + -^\iLo\^ < E{W,0). 

Jm m 



Consider the solution u with initial data {uq, ui) at t = to- By the finite speed of propagation, u 
and u coincide if |x| > |to — t\+ R, and the result follows again by the global existence of u. □ 
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Corollary 3.5. For dfiy siJigulciT point 772, fov oil t G -/^max — -^max(^)? 

(3.8) <5i< / |Vn(t)|^ + |a,n(t)p+ ^ 

J \x-m\<\t~l\ \X ~ "'■I 

where 6i is given by Lemma \3.4\ Furthermore, the set S of singular points is finite. 



Proof. The finiteness of S follows immediately from (|3.8p and the fact that the blow-up is of 
type II. 

Let us show (jS.Sp . We argue by contradiction. Consider a singular point m, and assume that 
for some to £ /max and e > 0, 

|Vn(to)|' + \dtu{to)\^ + I ^|n(to)|' < '^i- 

a:-m|<|io-l|+£ 1^ 

Let cp G Cq°(M^) such that ip{x) = if |x — m| > e and ip{x) = 1 if |x — ?n| < |. By Lemma 
13.41 {(pu,Lpdtu) converges in x as i tends to 1, contradicting, in view of the continuous 
embedding of into ^ \x-m\^ '^'^) assumption that m is a singular blow-up point. 
We have proven that for all t G /max) for all e > 0, 



5i< \Vu{t)\' + \dtu{t)\' + - ^\u{t)Y 

J \x-m\<\t-l\+£ \x — m\ 



concluding the proof of (j3.8p . □ 

We are now ready to prove ()3.2p and p.3p of Theorem l3.2[ Let us first show that {u{t) , dtu{t)) 
has a weak limit in x as t ^ 1. It is equivalent to show that all weak limits of sequences 
{{u{tn),dtu{tn))} where t„, ^ 1, coincide. For this, notice that the definition of a regular 
point and Lemma 13.41 show that if {vq,vi) and {vq,vi) are such limits, then they must coincide 
around any regular point. As the set of singular point is finite, this shows as desired that 
ivo,vi) = {vo,vi). Denote by 

{vo,vi) = w-lim{u{t),dtu{t)). 

By point ((aj) of Lemma E31 (u, dtu) has a limit in H^^^ (M^ \ -S) x Lf^^ (R^ \ 5) as t goes to 1. 
The uniqueness of limits shows that this limit must be {vq,vi). Using point (jb]) of Lemma 13.41 
we get that the convergence to v is also global, hence ()3.3p . 

We finish this part by noting that there is at least one singular point. If not, ()3.3p shows 
that {u{t) , dtu{t)) has a limit as t ^ 1, which shows that 1 is not the maximal positive time of 
existence, a contradiction. 

3.2. Bounds from below on the norm of the main profile. In this subsection we will 
complete the proof of Theorem l3.2l bv studying the behavior of u in the neighborhood of singular 
points by using a profile decomposition. We assume that 

OeS. 

Consider an increasing sequence {t„} G (to, 1)^ that tends to 1 and a function Tp G Cq° (IR-'^) 
such that ip = 1 close to and supp-f/'HS = {0}. After extracting a subsequence, we can assume 
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that there exists a profile decomposition 

J 

1pu{Tn) - 1pv{Tn) = ^ 



15 



(3.9) 



1 



du du 1 dUi 

V'^(rn)-V7^(rn) = 2^ 



X 



dt 



\^/2 dt 

j=l ^j,n 



•3,n 



A 



A 



where Ul is a solution of the linear wave equation (|2.ip with initial conditions \^Uq, Ulj. 

As ip{u — v) is supported in {|2;| < 1 — t}, when t is close to 1, Lemma 12.51 implies 
(3.10) Vj > 1, 3Cj, Vn, |Aj„| + |tj,„,| + |xj,„| < Cj(l - r„). 

Let us first show: 

Lemma 3.6. Reorder the decomposition (|3.9|) so i/iai 



(3.11) 

T/ien 
(3.12) 



|Vi7oi5.2 + ||f/i'||l2 =sup 



L2 



+ 



ui 



L2 



rl||2 



rl||2 



\\^mL- + \\Ui\\^,>-\\VW\\i,. 

Lemma [3.61 together with the Pythagorean expansions (|2.14p and (|2.15p implies immediately 
331). 



Remark 3.7. Li space dimension = 3, we have the following immediate corollary of Lemma 
13. 6[ Assume 

hminf (llVn(t)lli, + \\dtu{t)\\l,) < hvW\\l„ 

t- — > 1 O 

then there is only one singular point. See Remark 13.101 below for an improvement. 
Proof of Lemma 13.61 Assume that 



and thus for all j > I, 



|V?7oii. + ||C/^||i. <-||VW||i„ 



+ \\Ui\\l, < -\\VW\\l,. 



Using that 2E{f,g) < WVfWl^ + \\g\\l2 and that E{W,0) = ^||V1^|||2, we get that there exists 
an eg > such that for all j, n 



E [Ui {-t,,n/Xj,n) , dtUi (-tj, JAj, „) j < E{W, 0) - eo, l^'o Wh < IIVV^H^^ - eq. 

Then according to |KM08j . for all j, is globally define and scatters. By Proposition 12.81 the 
solution with initial condition {'ipu{Tn),ipdtu{Tn)) is globally defined and scatters for large n. 
Using the finite speed of propagation, we get a contradiction with the fact that is singular. 
Hence (l3J2]l . □ 

It remains to show (j3.4p . We first recall the following scattering result (see |KM081 Corollary 
7.4]): 
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Proposition 3.8. Let u be a solution of (jl.ip such that 

limsup \\Vuit)\\l2 + \\dtuit)\\l2 < \\VW\\l2. 

t^T+{u) 

Then u is globally defined and scatters. 

The following proposition implies (j3.4p by the Pythagorean expansions (j2.14p . (j2.15p : 

Proposition 3.9. Let eq > 0. There exists a sequence {r„,} G [to, 1)^ that tends to 1 such that 
{tlja{Tn),i^dta{Tn)) admits a profile decomposition \ Ul> , < \j.n,Xj^n,ij.n \ such that = 
and 



2 



2 



(3.13) VUl + Ul ^^>||VW^||i.-eo. 

Proof. We follow the lines of the proof of [KM081 Corollary 7.5]. In all the proof, we will always 
work up to the extraction of a subsequence for sequences indexed by n. In particular, any real 
sequence indexed by n will be assumed to have a limit in M U {itcxD}. 

Consider an increasing sequence {r„} € [to, 1)^ that tends to 1. Let Un and Vn be the solutions 
of ([TT]) such that 

By finite speed of propagation, and the fact that x = is a singular point for u, T^{un) < 1. 
Furthermore, {i{jv{Tn),'4'dtv{Tn)) has a limit in x as n — > cxo, which implies that there 
exists a small to > such that Vn{Tn + 1) is well defined for large n and \t\ <tQ. 

After extracting a subsequence, there exists a profile decomposition with profiles |f^L | 

parameters {Xj,n,tj,n,Xj^n} associated to the sequence {UniTn) - Vn{Tn),dtUn{Tn) - dtVn{Tn))^. 
The fact that tp^u — v) is supported in {|x| < 1 — t} and Lemma 12.51 imply 

(3.14) Vj > 1, 3Cj, Vn, \Xjn\ + + \xj,n\ < Cj{l - r„). 

Let us consider the associated nonlinear profiles (see Notation l2.6p . Reordering the profiles, 
we get a Jq such that 

Vj < Jo, \\U^\\s{0,T+iW)) = Vi>Jo + l, \\U^\\s{0,T+{W)) < ^■ 

By the finite blow-up criterion, T^{U^) = +oo if j > Jq + 1. By Proposition 12.81 there is at 
least one solution that does not scatter forward in time (otherwise we would have T+(n) > 1), 
and thus Jo ^ 1- 

For 1 < J < Jo, linin /r''" = G {— oo}UM (the case ij = +oo is excluded as the nonlinear 
profile does not scatter forward in time). If £j is finite, the corresponding profile is compact up 
to scaling and translation, and we may assume tj^n = 0. Thus 

(3.15) Vj G {1,..., Jo}, ti,„ = Oor lim = -cx). 

By Proposition 13.81 ^or all j G {1, . . . , Jq}, there exists a time Tj such that 

(3.16) r_ {W) < Tj < T+ {W) and \\Vu{Tj)\\l2 + \\dtu{T,)\\l2 > \\VW\\l2 - sq, 
furthermore, using that r+ {W) > if tj, „ = 0, we may choose Tj such that 

(Vn, tj^n = 0) ^ Tj > 0. 
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Extracting subsequences and reordering the profiles, we may assume 



(3.17) 



Vn, ti^n + Ai,„Ti = min {tj^n + ^j,nTj] 



Denote by 0„ = + Ai^^Ti. Note that 6'„ > for large n and, by (I3.14p 
(3.18) lim e„. = 0. 

n— ►+00 



For all j, we have, by definition of On, < Tj < Ti^(U^). According to Remark 12.91 we 

can use Proposition 12.81 which shows that Tn + On < T^(un) < 1, that { ||^'n||5(Tn,T„-i-6'„) }„, is 



bounded and 



(3.19) Un{Tn + t)=Vn{Tn + t)+Y^ 



N-2 

"1 



w 



+ wi{t,x)+r:^{t,x), tG{0,OrX 

where satisfies (|2.23p . If j > 1, there exists (extracting if necessary) a linear wave Ul such 
that 



lim 

n— >oo 



Indeed, if 



9 —f- 



+ 



dtU^ 



•3,ri 



dtUl 



1 — t ■ 



0. 



L2 



also 



9 ~t- 1 

> converges this is obvious, if it goes to — oo, it implies that 
J " _ . 

goes to — oo, and we can take Ul = Ul. Writing r„ = + On and tjn = tjn — On we get by 

(Un - Vn) (Tn) = ^"^t^L 



(3.20) < 



X • ' \ ■ 



+ wiiOn) + r:^{On) + 0„(1) 



dt (Un - Vn) (t„) = -^dtUl 

j=i A 2 ^ 



X X,, „ ^ ^ ^ ^^^^^^^^ ^ ^^^^^^ 



Aj,n 



This a profile decomposition for the sequence {un{Tn) — Vn{Tn) , dtUn{Tn) — dtVn{jn)) , with profiles 
Ul and parameters Xj^n, Xj^mij,n- Note that the orthogonality of the parameters follows directly 
from the equality ij^n - 4,n = ij,n - tk,n- 

Next notice that by finite speed of propagation and the definitions of n„ and Vn, there exists 
a ro > such that, if n is large and |x| < tq then 'u„(r„) = uijn)-, dtUnijn) = dtuirn)-, 
Vn{jn) = v{Tn) and dtVnijn) = dtvijn)- Using that «(?„) - vijn) and dtuijn) - dtv{Tn) are 
supported in the set {|x| < 1 — tVi}, one can replace, in the decomposition (|3.2U|) . n,„ and Vn by 
^jJU and ^/'t;. 

Finally, = Ti. Thus the first profile in the decomposition (j3.20p is compact up to 

modulation, and we may assume = as announced. The inequality p.l3p follows from the 
choice of Ti. □ 

Remark 3.10. We can improve Remark 13.71 as follows. If for some to £ (0, 1), 
sup \\Vu{t)\\l, + \\dMt)\\l, <(l + ^) \\yW\\l„ 
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then there is only one singular point. This is a direct consequence of (j3.4p and p.Sp . 



4. Finite speed of propagation and exclusion of small exterior profiles 

In the two next sections, we assume that = 3 and that u is spherically symmetric, blows 
up at time T = 1 and satisfies 

(4.1) sup J\\Vu{t)\\l, + \\dtu{t)\\l,<Co. 

TO<t<l ^ 

In these two sections we will not make any further assumption on Co > 0. By spherical symmetry 
is the only singular point. We denote by 

a{t, x) = u{t, x) — v{t, x) 

the singular part of u at the blow-up time t = 1 (see Definition 13. Sh . 

The main result of this section (Proposition 14. 4p , shown in §4.21 is that the norm of the most 
exterior profile of any profile decomposition of a sequence (a(i„), dta{tn)) is bounded from below 
by an universal constant independent of the solution. 



4.1. Linear behavior. We start by two preliminaries results on the linear problem, valid in odd 
dimension only, that will be needed in the sequel. The first one follows from Huygens principle: 

Lemma 4.1. Assume that N is odd. Let v be a solution of the linear wave equation (12. ip . with 
initial conditions {vq,vi), {A„}„, {tn}n be two real sequences, with positive. 



Vn{t,x) 



t X 



and assume lim„^oo ^ = i & [— oo, +00]. Then, if £ = ±00. 

lim limsup / |V7;„(t„)p + j^\vn{tn)\'^ + {dtVn{tn))'^ dx = 

R~*oo n^oo 7 la;l-lt„l >RA„ 1^1 



and if£eR, 



•'u{|a;|<iA„} 



lim limsup / n^i^j^^ } N'"n{tn)f + 7A2l^^n(in)P + {dtVn{tn)f dx = 0. 
it— >oo n^oo ./ 1 \X\ 



Proof. This is a classical property. In the case ^ S M, just notice that 
Vn{tn,x) = -^p^v il, j + o„(l) in if^ dtVn{tn,x) = -j^dtv (l, ^ j + 0^(1) in L^, 

which implies the announced estimate (in this case we do not need any assumption on the parity 
of N). 

Let us treat the case £ = ±00. Let e > 0, x £ Cg°(]R^), such that x{^) = 1 foi^ l^^l < 1/2 and 
x{x) = for |x| > 1. Then 

R^oo ll^'^^o^ ~ ^o)|Il2 + Ikf ~ ^i|Il2 = ^' where v^{x) = x voix), v^{x) = x vi{x). 
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Choose Re such that for R > R^, y \\^{vq — ■yo)||^2 + — ''^iIIl^ — ^' Re and denote 

by the solution with initial condition Vq^^ = An ^^'^Vq{x/ Xn), v^^^ = Xn^^'^Vi{x/Xn)- By 
conservation of the energy and the scaling of the equation, 

Vn, ^J \\Vv^{tn) - VVn{tn)\\l2 + \\dtV^{tn) " dtVn{tn)\\l2 < S. 

By the strong Huygens principle, {v^{tn),dtv^{tn)) is supported in the ring {|t„| — RXn < |x| < 
\tn\ + RXn}- Hence for large n (using Hardy's inequality), 

/ \ 1/2 

( [ , \yVn{tn)\'^ + T^\Vn{tn)\'^ + {dtVn{tn)f dx ) 

\^ It„l-bl >i?,A„, \X\ 



1/2 



<([ , \Vv^itn)\' + T^\v^{tn)\^ + {dtV^{tn)ydx] + Cs = Cs, 

\J \\tn\-\x\\>RXn m J 

which concludes the proof of the lemma. □ 

We next give, in Lemma [4. 2 1 a property of the energy of radial solutions to the linear equation 
in space dimension = 3. In Corollary 14.31 we deduce a similar property for solutions of the 
non- linear equation which are sum of small profiles. 



Lemma 4.2. Assume that N = 3. Let v be a radial solution of ()2.ip . to ^ W, < vq < ri. 

Then the following property holds for all t > tQ or for all t < to 

(4.2) / {dr{rv{t,x)))^ + r^{dtv{t,x)fdr 

J ro + \t-to\<r<ri + \t-to\ 

>\ f {dr{rv{to,x))f +r\dtv{to,x)fdr. 

^ J ro<r<ri 

Proof. We can assume that t^ = 0. Let / = ru, /o = f\t=o-, fi = dtf\t=o- Then 

(4.3) dff = dlf, t G M, r > 0. 
Furthermore, as v{t) is in for all t, by Hardy's inequality in dimension 3, 

1 



[f{t,r)Ydr + j {drf{t,r)ydr<^. 

By Sobolev embeddings in dimension 1, for all t, fit, •) is continuous and satisfies the condition 
f{t,0) = 0. By explicit computation we get 

f{t,r)=F{t + r)-F{t-r), t G M, r > 

where F is defined by 

r 1 



s > 



Fis) = { 

Thus, if t € M, 



lfo{s) + l f^' fi(.a)da, 
-ho{-s) + l: [ fi{<y)d<j, s<0 



(4.4) r^'*' {dtf{t, r)f + {drfit, r)fdr = 2 T^'*' {F\t + r))' + {F\t - r)fdr. 

JrQ+\t\ Jro + \t\ 
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Consequently, if t > 0, 



r^^'\dtf? + (drffdr > 2 r {F'{-r)fdr, 

Jro + \t\ Jro 



and if t < 0, 

fri + |t| i-ri 



/ {dtff + {drffdr>2 {F'{r)fdT. 

J rn+\t\ Jrn 



By (j4.4p at t = we get that the inequahty 

{dtf{t,r)f + {drf{t,r)fdr > ^ T (/i(r))' + (a,/o(r))'dr 

holds for alH > or for all t < 0, hence (|4.2p . □ 

Corollary 4.3. Assume that N = 3. Let Cq > 0. Then there exists a constant 5i = 6i{Cq) > 
with the following property. Consider J > 0, and let {\i^n}n,- ■ ■ ,{^j,n}n be sequences of positive 
numbers such that 

Ai,n ^ • ■ ■ ^ Aj^n as n ^ oo. 

Consider J radial solutions , . . . , of (jl.ip with initial conditions {Uq, Ul), j = 1 ... J 
such that 



yj G {1, . . . J}, Vll^^olli2 + \\ui\\l2 = vj < 

Consider a sequence Wn of solutions of the linear wave equation ()2.ip such that 

Vj G {1, . . . , J}, ( Af^^"^tt;o,n(A,x), xf^'^wiJXjx)] ^ weakly in x L^, 



Let 1] = y^j^i "jfj o.nd assume that rj < Cq- Let 

J 



Then there exists ri > such that for large n, the inequality 



(4.5) Jf \yUn{t,x)\^ + {dtUn{t,x)fdx>'l 

y JriXi,.a + \t\<\x\ 4 

holds for all t > or for all t < 0. 
Proof. Denote by 

C/o,„(x) = Un{0,x), Ui.n{x) = dtUn{0,x). 

Let ul be the solution of (|2.ip with initial conditions {Uq, Ul), j = 1 . . . J and 

J 



„-i A„- L 



i^fep i. We first show that if 6i = 5i{Co) is chosen small enough, then 



(4.6) sup J||C/„(t) - U^,nmli + \\dtUn{t) - dtU^,nmh < 7' 
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Indeed by (|2.8p . if Sf < for some large constant C, then a/ ||VC/q||^2 + ||f^ill|2 = ??j < S 



implies 



sup 



. + 

i/1 



at[/j(t)-atc/^(i) 



By the triangle inequality and the fact that r] < Cq, 

sup (yJ\\Un{t) - t/L,n(t)||^i + \\dtUn{t) - dfU, 



L2 



5< 



< ^ < !^ 

- 4Co ~ 4' 



Hence llO]) . 

Step 2. We next show that there exists ri > such that 



(4.7) 



liminf / (5r(r;7o,n (?■))) + (r-f/i,n(r)) dr>—. 



Indeed, if / G is a radial function and d < Rq < Ri 

{dr{rf{r))) dr = 
iRo JRo 



[ \dr{rf{r)))''dr= f ' f + r\drff + 2rfdrfdr = [ ' f + r\drff + rdr {f) dr 
jRn JRn J Ro 

= r ^\drf?dr + Rif\R{) - RofiRo). 

JRn 



By Hardy's inequality, J f'^{t,r)dr < co, which implies that there exist sequences Rn — > +oo 
and Rn such that Rnf'^{Rn) — > and Rnf^{Rn) 0. Letting Ri = Rn and n +oo, we 
get 

(4.8) {dr{rf{r))fdr= f \V ffdx - Rof{Ro) < [ \S7f\^dx. 

JRo -'|a;|>Ro JlxlyRo 

Letting i?o = Rn and n +00 we get 

/■-foo r 

(4.9) / {dr{rfir))fdr= / \Vf\^dx. 

Jo JR^ 



{dr{rU^ir))f+{rUHr))'dr>^. 



By (14. 9p . there exists ri > such that 
(4.10) 

Let = dr{rUi{r)) G ^^(dr). Then 



(4.11) Ai^^:-- 



+00 



■ J," 

1 



k,n 



dr 



dr 



+00 



A 



1/2 



9j (p) -Th^k Y^P ) dp 
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Letting j = k in ()4.1ip we get that if j > 1, Aii^ ^ j;^g]{p)dp as n — > oo. Furthermore if 
1 < j < k we obtain, using that \k,n/^j,n +00, that for ah e > 0, 



and hence Ail, — > as n — > 00. Similarly, noting that /i„ = dr{rwQn) = WQn + rdr-won is such 

-00 / », / r \ \ /■ + 00 



that Aj(^/i„(Aj^n') converges weakly to in L'^{dr) we get 



riAi . 



3,n - / ^j,n 



^ f/n°°fi'l(p)Ai^^/ln {\l,np) dp + On{l) if J = 1 
l/o^°° /in (Aj,„p) dp + 0„(1) if j > 1, 

which tends to as n — > oo. Using similar estimates on Ui^n and wi^n and combining with ()4.10p 
we get (|i77l) . 

^tep 3: end of the proof. In view of Step 2 and Lemma [4. 21 if n is large, then the following holds 
for alH > or for all t < 0: 

2 

{dr{rUn,^)f + {dt{rUn,L)fdr > \. 

'r-iAi,„ + |t| 4 

By (US]), we get that for all t > or for all t < 0, 

2 

a;|>riAi,„ + |t| ^ 

By Step 1 and the triangle inequality, 



J I |V[/„|2 + |5i[/„|2dx > J - ^ = ^, 

y J\x\>ri\i,n + \t\ 2 4 4 

which concludes the proof. □ 

4.2. No small exterior profile. Before stating the main result of this section, we introduce 
some notations. In all the sequel we assume = 3. Let r„ — > 1~ and consider a profile 
decomposition of (a(r„), (?ja(r„)) with profiles {Ul} and parameters {Aj_„, tj,n}- We will consider 
as usual the nonlinear profiles {[/■'} associated to {J/l}, —tj^n/^j,n, and will write, for the sake 
of simplicity 



j,n \ J' J' ^ i,n 



The second expression is defined as long as (t — tj^n)/^j,n is in {T-{U^),T^{U^)). We will also 
write 



t^o'.n = UlniO, f/l„ = (dtUln) (0, x). 
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Let j G N* . Extracting subsequences and time-translating the profiles if necessary we can assume 
that 

(4.12) Vn, tj-„ = Oor lim ^g{-oo,+oo}. 



We will denote by 



n— >-|-oo Xj j^ 



Pj,n — FjiJil 1. * ^ 



and 

Pj,n — — ^' 

According to Lemma HTD the sequence (^^o.n; ^i,n)™ localized, for large n, around \x\ w pj^n- 

Reordering the profiles and extracting subsequences, we can find a Jq S N such that (here 
5i(Co) is given by Corollary 14.31 and Cq is the constant in assumption (j4.ip ): 

(4.13) j > Jo ^ I^E{U^,Ui) < 1 {6i{Co)f and W^U^W^^ < \\^W\\^,^ 

or ( lim G {±00} and E{uLu{) < E{W,{))] 

(4.14) pj^^n < PJo-l,n < ■ ■ ■< Pl,n- 

In particular if j > Jq and tj^n = for all n, we have by Claim that ||VC/^'||^2 + ||f^i||L2 < 

In this section we show: 
Proposition 4.4. Under the above assumptions, 

(4.15) lim lim sup / {\Va{Tn)\^ + {dta{Tn)f) dx = 0. 

Proof. We argue by contradiction. If (j4.15p does not hold, there exists Eq > and a sequence 
p„ such that 

(4.16) / {\Va{Tn)\^ + {dta{Tn)f)dx>eo, lim -^ = +00. 

J\x\>p„ pi^„ 

Since supp a(r„) C < 1 — r„}, we have that p„ < 1 — r^,. Moreover, by Claim |B?H we get, 
extracting subsequences in n, a sequence {pn}n such that 

(4.17) « p„ < p„. 
and 

(4.18) Vi, pn < ,n or Pj^n ^ Pn- 

Let X G C~(M^), such that ^(2;) = 1 if Ix] > 2 and x{x) = if < 1. Then 

J 



(4.19) X (^) uirn, x)=x (4-) v{Tn,x) + ^ x (^) U^,, + x (^) <n 

VPn/ VPn/ j^-^ \PnJ \PnJ 

(4.20) X dMrn, x)=x {j-^ OMr^, x) + ^ x + X (^) ^^i' 
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Claim 4.5. If Pj,n ^ Pn then 



lim 

n— »+oo 



If Pn < Pj,n then 



lim 

n— »+oo 



X 







+ 




m 










+ 


< 









X 
.Pn 

' X 



L2 



Uln - Kn 



0. 



L2 



Proof. Indeed by Lemma l4.ll 



lim lim inf 

_R— >+oo n-^oo /j_ 



+ 



TlPj.n<\x\<Rpj^n 

In the case pj^n ^ P„, choose e > and R = R{e) such that 



+ 



lim sup 

As i?/9,-,n Pn-, get that for large n, 



+ 



X 



+ 



< 

L2 yi?,pj,„<|2; 



< £. 



+ 



TP 



< e, 



which shows the first estimate of the claim. The proof of the second one is similar and we skip 
it. □ 

Let us denote by J^xt the set of indexes j such that pn <C Pj^n- Note that for j G Jcxt-, j > Jo 
and thus 



cxt 



E{U^,ui) < ^^i^^ and ||VC/^||^, < \\VWh. 



or I lim 



~tj,n 



X 



±oo and E{U^, u() < E{W,0) 



SO the corresponding nonlinear profile is globally defined and scatters in both time directions. 
In view of Claim 14.51 we rewrite (|4.19p , (|4.20p as 



(4.21) 

(4.22) 
where 



xi — ]u{Tn,x)=v{Tn,x)+ ^ f^o,n(^) + *0,n(a^) 

xi^j dtu{Tn,x) = dtv{Tn,x) + ^ t/;? „ (x) + (x) . 



w^o,n = ^ { ) ^o,n + On(l) in F\ = X { — ) w^i,„ + On(l) in L\ 



By Claim ETH 
(4.23) 



lim lim sup kw^ 

n^+co j^+oo 



Pn 

0. 
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Indeed if (j4.23p does not hold, one can find, in view of (|2.12|) . sequences {n^lfc, {Jk}k and e > 
such that 



> e and lim ||^t';!HL/ID>^ = 0, 



a contradiction with Claim [2TTTJ 

By (j4.23p . the decomposition (j4.2ip . (j4.22p is a profile decomposition of the sequence 



X 



X 



Pn 



{u{Tn,x),dtu{Tn,x)) . 



Denote by Un the solution of (|l.ip such that 



n \t=Tn 



X (^J-^ u{Tn, x), dtUn\t=Tn = X (^J-^ dtu{Tn, x) 



Using that all the non-linear solutions , j £ ^Text are globally defined and scatter, we get by 
Proposition 12.81 that Un is globally defined for large n and 



(4.24) 



u. 



i{Tn+t,x) = v{Tn+t,x) + ^ Ul{t, x) + 'W:^{t, x) + r:^{t, x) , 



where satisfies ()2.23p . By the definition of n„, 

(4.25) U„(t„, x) = n(r„, x), dtUn{Tn, x) = dtu{Tn, x) if |x| > 2pn, 
By finite speed of propagation, as long as < r„ + 1 < f , we have 

(4.26) u„(r„ + t,x) = u{Tn + t,x), dtUnirn + t,x) = dtu{Tn + t,x) if |x| > 2pn + 
The key point of the proof is the following claim: 

Claim 4.6. The set ^cxt 'i-s empty. 
Proof. The proof takes several steps. 

Step 1. No profile dispersing backward in time. Let k G jText- We first show by contradiction that 

-oo. Then pkn = l^fcnl- Furtermore 



we cannot have 



-oo. Let us assume that 



U'^ scatters backward in time. As a consequence, by Lemma 14. H if M is large enough, there 
exists ffyfc > such that for all large n. 



L 



\A>ik,n + Tn-M\k,: 



VU^{-Tn,x) + dtU}^i-Tn,x) 



dx > Ek- 



As k £ Jcxt; we know that tk^n = Pk,n ^ Pn- Furthermore Afc,n = o(|tfc^„|). Thus for large n, 
tk n + Tn — MXj. ,„ » 2p„ + T„, and the preceding inequality implies 



(4.27) 



L 



dx > Ek. 



VU^{-Tn,x) + dtU^,{-Tn,x) 

I \x\>2pn+Tn 

Using again that scatters backward in time and that pn <C tfc^n; we get by Lemma l4.ll 
(4.28) / 

J \x\<2pn+Tn 



2 2 
VU^{-Tn,x) + dtU^{-Tn,x) dx = 0„(1). 
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Let j £ J'cxt \ {k}- Then scatters in both time directions, and there exists a solution of 
the hnear wave equation such that 

^ Hin^ \\V^{t) - W{t)\\^, + \\dtVi{t) - dtW{t)\\^, = 0. 

Noting VJnit, x) = —rTwV/ ( * , -r-^- ) , we get, by the conservation of the energy for the hnear 

wave equation and (j4.28p 

(4.29) 



\x\>Tn + 2pr, 



Vt,xUi (-r„) • Vt,ccU^ i-Tn) dx= [ Vt,xUi (-T„) • Vt,,C/^ (-T„) dx + o„(l) 



= [ Vt,,V^^n (0) • Vt,,.f/^„ (0) dx + 0„(1) = 0„(1). 
where we used the orthogonahty of the parameters (Aj.„, tj^n) and {Xk,n, tk,n)- Similarly, if J > fc. 



(4.30) 



\x\>Tn + 2pn 



^t,xUn {-Tn, x) ■ Vt,xWn ("'^n, x) dx 

j Vt,xUn {-Tn,x) ■ Vt,xwi {-Tn, x) dx + 0„(1) 
'^t,xy^,n {-Tn, x) ■ V t,xwi {-Tn, x) dx + 0„(1) 

Vt.xK';™ {-ik,n, X) ■ Vt,xwi (0, x) dx + 0„(1) = On(l). 



At the last line, we used the conservation of the energy, and the fact that by (|4.23|) . the w:^ are 
the remainders of the profile decomposition (|4.21|) . (|4.22|) and thus by (j2.13p . 

Xk'yt,xwi {tk,n,Xk,nX) ^ in (L2)^+1. 

Combining with t = -r„, (|071) . ([O^ and (jirBOj) we get, if n is large enough. 



J \x\>T, 



x\>Tn+2pn 



\Vt,xu{0,x)\'^ - \Vt,xv{0,x)\' 



> — . 

- 2 



Using that the function x 
we get 



\'^t,xu{0,x)\'^ — \Vt,xv{0, x)\^ is supported in the set {|x| < 1}, 



I2, 



2p„ + |r„l<[x|<l 



|Vt,,n(0,x)|2-|Vt,,^;(0,x)|2 



> 



Letting n — > co we have 2p„ + |r„| — > 1 which yields a contradiction. 



Step 2. No profile dispersing forward in time. We next show by contradiction that ii k £ Jcy± 

tk,n _^ -)-oo. Let (T„ = (1 — Tn)/2. Using that f/'^ scatters forward in 



we cannot have lim„^+oo -j 



time, we get by Lemma |4. II that if M is large enough, there exists > such that for all large 



n, 



(4.31) 



/ 

J\x 



\x\>\tl:^n\+an-MXt:^„ 



^t,xUn {<yn,x) 



dx > Ek- 
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hm 

n— ►oo 



x\<crn 



dx = 0, 



from which we can deduce the analogues of the ortogonality conditions (14.29P and (|4.30p with 
Tn + 2/)„, replaced by cj„,. As in the preceding case, using (|4.24p with t = dn we deduce from 
()4.3ip that for large n, 



x\>a„ 



Vt_x-V 



> 



As 1 — ^^2" — ^n, this contradicts the fact that on the support of u — v, \x\ < 1 — t. 

Step 3. No compact profile. In this step we conclude the proof, showing that jText is empty. 
According to Steps 1 and 2, for all j G i7cxti and all n, tj^n = 0, and we can rewrite (j4.24p as 



(4.32) 



,{Tn + t)=v{Tn+t,x)+ ^ -^W 



3<J 



t X 



+ wi{t,x)+ri{t,x), 



Furthermore, we know that for j G Jc^t-, j > Jo and thus by the definition of Jq we have 
(4.33) 



|Vt/i^'||' + ||f/ii'<5i(Co). 



Assume that J'cxt is not empty. Then by assumption (j4.ip for large J, 



2 

L2 



L2 



<cl 



Choose J such that 

(4.34) sup ^\\VrJ{t)\\l2 + \\dtrm\\L- < 

tm o 

Let k £ J^cxt, such that k < J and 

Afc = inf Aj. 

j=L..J 

By (j4.33p . we can use Corollarv l4.3l which implies that there exists ro > such that the following 
occurs for all t G [— t„, 0) or for all t G (0, 1 — t„), 

^2 



l3:-i>Afe,„ro + |t| 



|vc/„(t,x)|' + |atf/„(t,x)|'dx> 



16' 



where 



^ T^^^ (a^'a^) 



+ w;„(t,x). 



And thus by (Oil) , for all t G [-r„, 0) or for ah t G (0, 1 - r^) 
(4.35) 



V{Un{Tn + t)- v{Tn + t))|^ + |9t'S„(r„ + t) - atZ;(T„ + tf > Jj. 

d4 
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First assume that it holds for all t e (0, 1 - Tn). Letting tn = ^" 2''° in ([435]) . we obtain 
that for large n, 

f 2 2 

/ \V{Un{Tn + tn) - v{Tn + tn))\ + \dtUn{Tn + tn) - dtv{Tn + tn)\ 

J\x\>l~T„~t„ 04 

Furthermore, as A; G i7cxti we have 2pn + tn < ^ — Tn — tn, and thus by (j4.26p . |a^| < 1 — t„ — tn 
on the support of n(r„ + tn, •) — w(r„ + t„, •) a contradiction. 

It remains to treat the case when (|4.35p holds for all t G [— rn,0). Then (I4.35P with t = —Tn 
yields 

/ |V(n„,(0) - v{0))f + |5tn„,(0) - dtvmf > |-, 

■^l^'l>Afe,„ro+r„ 04 

which is again a contradiction, recalling that (m„(0, x), 9(U„(0, x)) and (ii(0, x), 5tM(0, x)) coin- 
cide for |x| > Tn + 2pn, and thus for |x| > t„ + Xk^n^o for large re. The proof of Claim is 
complete. □ 

To finish the proof of Proposition 14.41 we must show that if p„ is as in ()4.16p . and J is large, 
then 

(4.36) hm / {\VwlJ^ + (wij^) dx = 0. 

We will use that is a radial solution of the linear wave equation (|2.ip . By (|4.8p . we have 

(4.37) r {dr{rwi^n)fdr= [ \V wif dx - p^w^^pj^ 

By the construction of the profile decomposition (see (j2.13p ). we can choose J so large that 

(4.38) py'<n(^n-) ^ in H\ 

The map u ^ m(1) is a continuous linear form on the vector space of radial functions in H^. 
Thus ([4^38]) implies 

(4.39) hrn py'<„(pj = 0. 

n— >+oo ' 

To show (j4.36p . we argue by contradiction. Assume after extraction (in re) that for large re 

/ (|V<J2 + {win?) dx > SO. 

Then by ([TSTP and (|09]) . for large re, 

r+00 

(4.40) / {drirwi^)?dr + (™f,j2^r > ^. 

By Lemma 14.21 and still extracting subsequences, the following holds for all t > or all t < 0, 
and for all large re, 

+00 P 
(dr{rwiit))f + {rdtwi{t))'dr>^. 

By (|4.8p . this implies that for alH > or for aU t < 0, 

\Vwi{t)\' + idtw'^it)?dx>'-^. 
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By finite speed of propagation, we have 

w:^{t,x) = w:^{t,x), \x\>2pn + \t\. 
As pn ^ Pn' obtain for large n, 

(4.41) 





|V5^;((0| 


'm>pn+\ 





for all t > or for all t < 0. In view of Claim HT6l the equality (j4.32p can be rewritten 

(4.42) Un{Tn + t) =v{Tn + t,x) +wi{t,x) +r:^{t,x), < r„ + t < 1. 

Taking t = -Tn if (jOT]) holds for ah t < 0, and t = if (fOT]) holds for ah t > 0, we get a 
contradiction as in the proof of Claim 14.61 concluding the proof of Proposition 14. 4[ □ 

5. Rigidity argument for non-self-similar blow-up 

In the section we consider, as in the preceding one, a radial solution in space dimension = 3 
that blows up at time T = 1 and satisfies (|4.ip . We assume in addition that there exist sequences 
{t„}, {A„} such that r„ G (0, 1), r„ ^ 1 and 

(5.1) A„ < 1 - T„ 

(5.2) lim / \x/a{Tn)\^ + idtaiTn)f + -^{aiTn)f = 0, 

where a = n — is as usual the singular part of u. The main result of this section is the following 

Proposition 5.1. Assume that u is radial and that (|4.ip . (|5.ip and (|5.2p hold. Then there exist 
a sequence {tn), Jo > 0, G {±1}"^", and, for j = 1 . . . Jq, sequences {Aj_„}„ of positive 

numbers, such that 

(5.3) u{tn,x) =v{tn,x)+^^W +WQ,n in 

(5.4) dtu{tn, x) = dtv{tn,x) + o„(l) in L^, 
where, denoting by Wn the solution of (|2.ip with initial data (wo^njO), 

lim ||u;„||5(R) = 0, 

n— >oo ^ ' 

Let us mention that the assumption = 3 is not essential for the arguments of this section. 
In §5.11 we show that assumptions (|5.ip . ()5.2p imply that dta is small in for a sequence of 
times. Proposition 15.11 is proven in ^5.2[ 



5.1. Smallness of the time-derivative of the solution. 
Lemma 5.2. Assume (15.21). Then 



lim — i — [ [ {dtafdxdt = 0. 
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Corollary 5.3. Under the assumption of Lemma \5.S\ there exists an increasing sequence tn 1, 
tn S (0, 1) such that 

(5.5) Vn, / \dta(tn,x)\'^dx < —, 

Jrs n 

^ rtn+a- /> 

(5.6) Vn, Vfj G (0, 1 - t„), -/ / \dta{t,x)\'^dxdt < -. 

o- Jtr^ Jr3 n 

Let us first assume Lemma 15.21 and prove Corollary 15.31 

Proof. Using that the map t ^ dta{t,-) is continuous from (0,1) to L^(M^) we get ()5.5p from 
^M) letting cr ^ 0. 

To show (|5.6p . we argue by contradiction. The existence of a sequence {tn} satisfying (j5.6p is 
equivalent to 



Ve > 0, Vt* G (0, 1), 3to G (t*,l), Vct G (0, 1 -to), -/ / {dtafdxdt<e. 

Jta 

Assume 



(5.7) 3e > 0, G (0,1), Vto G (t*,l), 3a G (0,1 -to), / {dtafdxdt>e. 

By Lemma 15.21 we can fix a large n such that r„ > and 

/ {dta)^dxdt<'-. 



Let 



A = |cj G (0,1 - T„) I - / /" (9to)^(ixdt > el . 
I 0" Jr™ Jms J 



By ()5.7p . A is not empty. Furthermore, it is closed in (0, 1 — r^). Let ^o = sup A. By the choice 
of n, ^0 / 1 — "^n- Furthermore, 



I I {dtafdxdt>eeo. 



By (j5.7p . using that < r„ + 6*0 < 1, there exists o" G (0, 1 — — ^o) such that 

fT„+do+a 



Summing up the two preceding inequalities, we get 

r-Tn+9o+(J 



I {dta)'^dx dt > ea. 



/ {dta)'^dxdt> e{eo + cr) 
Jrs 



with 6q + a £ {6q, 1 — r„). Thus Oq + a G A, and + a > 9q contradicting the fact that 
^0 = sup A. □ 

It remains to prove Lemma l5.2i 
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Proof of Lemma \5.SX Let 

= / \{udtu) — {vdtv)\dx, Z2{t) = / \x ■ Vudtu — X ■ Vv dtv]dx. 

As u — V and dt{u — v) are compactly supported in the space variable, both integrals are well- 
defined. We first show 



^.^ \zi{Tn)\ + \z2{Tn)\ ^ ^ 
n^+oo 1 — T„ 



(5.8) 
Indeed, write 

ziiTn) = / a{Tn)dtu{Tn) + / v(r„)aja(r„,). 
Then, using that on the supports of a(Tn) and dt(i{Tn)i \x\ ^1 — t^. 



a{Tn)dtu{Tn) 



< I \a{Tn)dtu{Tn)\ + / | a(r„)9j n(r„) | 

>|<A„ J|a:|>A„ 



<K [ T-r \a{Tn)dtu{Tn)\ + (1 - Tn) f A" |a(r„)<9fu(rn) 

^|x|<A„ l-^^l J\x\>Xn l-^l 



By dSI]) and (lO) . 



a{Tn)dtu{Tn 



o(l — r„), as n ^ cx). 



Estimating the other terms in the same way we get (jS.Sp . 

Differentiating the definitions of zi and Z2 and using that both u and v are solutions of (jl.ip . 
we get 



= y (atn)2 - y iv^xp + y - y (ajT;)^^^ - y iv 



v\ dx + I V 



Noting that |x| < 1 — t on the support of a, that v converges in x as i ^ 1 and that u is 
bounded in x L^, we get, as t ^ 1~, 



z[{t) = j{dtafdx- j \Va\^dx + j a^dx + o{l) 
4{t) = -lj {dtaf + |Va|2 - y + «(!)• 



Let 



Then 



Z{t) = -Zl{t) + Z2{t). 



Z'{t) = - J {dtaf + o(l) as t ^ 1. 
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Let e > 0, and m, n be two large integers with n < m. Integrating the preceding inequahty we 
get 



Letting m tends to infinity we obtain 



From (15.81) we deduce 



["^ [ {dtaf < \Z{t^) - Z{Tn)\ + e\Tn - Tm\ 

ity we obtain 
/ / {dtaf <\Z{Tn)\+o{l-Tn) as oo. 

/ / {dto)^ = o(l — Tn) as n — > oo. 



□ 



5.2. Decomposition into a sum of rescaled stationary solutions. The proof of Proposi- 
tion [5iTl is divided into four steps. 

Step 1. Extraction of a sequence and profile decomposition. Extracting a subsequence from 
{tn}, we assume that {{a{tn),dta{tn))]n admits a profile decomposition with profiles and 
parameters Xj,n, tj,n- By the Pythagorean expansion 

J 

\\dta{tn)\\\2 = ^ \\dtU\-tj^n/ >^j,n)\\L2 + H^nlLz + aS n ^ OO 

J=l 

and using (|5.5p . we get that for all j (here Un is the rescaled profiled, defined in Notation 12. 7p . 



(5.9) 



lim I 

n— >+oo 



L2 



lim \\dtU\-tj^n/\j,n)\ 



n— >+oo 



L2 



0. 



We deduce that for all j such that / 0, {— tj,n/Aj,n}„ is bounded. Indeed assume that 
there exists a subsequence in n such that —tj^n/Xj,n ±oo. Then by definition of and the 
equipartition of the energy for solutions of the linear equation (j2.ip as t — > ±oo, 



Ui{0) 



2 1 



dtum 



= lim 

n—*oo 



dtUi{-tj^n/Xj,n) 



L2 



0, 



showing that =0, a contradiction. 

Translating in time the profiles, we may assume 



0. 



(5.10) \fj, Vn, tj^n 

As a consequence of ()5.9p . Ul := dtU^{0) = for all j. Let > be a small parameter (given 
by the small data theory for p.ip ). There exists a finite number Jq of profiles such that 
ll^olli/i ~ ll^olli/i — ^0- Reordering the profiles, we may assume 

\\U'o\\hi >^o ^ l<i< Jo- 
In view of (j5.10p and the orthogonality of the profiles, we obtain, after a new extraction in n, 

Vj, k j ^ k =^ Aj,ri < Afe,„ or Afc,„ < Aj>. 
Thus we may reorder the first profiles so that 

Ajo,n ^ Xjo-l,n <C . . . <C Ai_„. 
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We show by contradiction that G {W, -VF} if 1 < i < Jo and = if j > Jq. This is 
equivalent to the fact that the set of indexes j such that ^ {0, W, —W} is empty. Assume 
that this set is not empty and let 

ko = min {i > 1, W i {0, W, -W}}. 

Let k\ = minjl < j < Jo | Ajy„ ^ Afc,)^„}. If this set is empty, k\ is not defined, and we will 
make the convention Ayfc^^„ = 0. By Claim [BHI there exists a sequence A„ ^ such that 

(5.11) \k^,n < A„, < AA;o,n 

(5.12) Vj, \n « A 
Let 

Jcy± = |i > 1, An < 

Note that by the first inequality in ()5.1ip . 

(5.13) Vj, (j e Jcy± and Xj.^ < ^k^,,n \ =^ i > Jo- 



S'fep £ Let T > be in the domain of existence of U^*^ . Using that \kQ,n ^ — ^n-, we can 
choose T small enough so that for large n, XkQ,nT < 1 — tn- In this step we show 



(5.14) 



3;|>Afc,j,„e+|t| 



dtu!;" {t,x) + dtwi{t,x) 



dx dt = oi^, 



where by definition limj^oo limsup„^oo o;( = 0. More precisely, we will show the following two 
estimates which directly imply (I5.14p : 

2 



(5.15) 



1 



^ dtui{t,x) + dtwi{t,x) 



dx dt = oi 



(5.16) j G Jext and j / k^ =^ lim 



kojuJ- Jo 



k|>eAfc,j,„ + |t| 



\dtUi{t,x)\ dxdt = 0. 



Proo/ of (I5J5D . 

Consider a radial function x G C°°(M^), such that x(^) = 1 for \x\ > 2 and x(^) = for 
|x| < 1. Let Un be the solution of (jl.ip with initial data 

Un\t=tr, =xi^) u{tn,x), dtUn\t=tn =xi^) dtu{tn,x). 

V A„ / V A„ / 

Then, by finite speed of propagation, as long as t„ + s is in the domain of existence of u and Un, 

Un{tn + S,x) = u{tn + S, x), \x\ > \s\ + 2A„. 

Furthermore, letting 



34 T. DUYCKAERTS, C. KENIG, AND F. MERLE 

we obtain (recall that C//„ = for all j) 

(5.17) Un{tn,x) - v{tn,x) = ^ C/^„(x) + 'u)^„(x) + 0„(1) ill iif^ 

j<J 

(5.18) dtUn{tn,x) - dtv{tn,x) = w(^^{x) +o.„(l) in L^, 

By Claim 12.111 together with the argument than we used to show (j4.23p , 

(5.19) lim limsup ||u;;(|L,ps = 0. 

By (I5.19p . the two equations (15.171) . (15.181) yield a profile decomposition of the sequence 

{u{tn, x) - v{tn, x),dtu{tn, x) - dtv{tn, x)}„ . 

The development (j5.17p . (j5.18p satisfies the assumptions of Proposition 12.81 with On = Xko,nT. 
Indeed for j > Jq the solution scatters both forward and backward in time. Furthermore by 

{j G {1, . . . , Jo} n Jcxt and j / ko) =^ \ko,nT < \j,n- 
Thus by Proposition 12.81 for s E [0, Afc^^^T] 

(5.20) Un{tn + s,x) = v{tn + s,x)+ ^ Ul{s , x) + w-^^{s , x) + ri{s , x) , 

j<J 

where r;( satisfies ()2.23p with 0„ = Xf^^^nT- Let e > 0. We have, for large n (so that £Xko,n ^ 2A„), 



On{l) = - ^/ / \dta{t,x)\'dxdt 



> T ^ / / \dta{t,x)\'^dxdt 



Xko,nT Jt„ •^kl>Afe(,,„£+|f| 

2 r'tn+^kQ.nT 



Xko,nT Jt„ J\^\>^kQ,n£+\t\ 



\{dtUn - dtv){t,x)\ dxdt, 



which yields ()5.15p in view of (I5.20|) . 

Proof of (f5T6]) . 

Let Rj^n = Afco,n/Aj,n. We have 



1 f^ko,nT I- I • ,2 



Xko,nT Jo J \x\>eXkg,„+\t\ 



(5.21) I I \dtUi{t,x)\ dxdt 

1 fTRj.n 



1 2 

\dtW {s,y)\ dyds. 



TRj,n Jo J\y\>eRj,„+\s\ 

If Xj^n ^ -^fccn (and thus j > Jq), we have that Rj^n — *■ +oo. By finite speed of propagation, 
for all ?/ > 0, there exists M > such that 

VsGM, / \dtW {s,y)fdy<r], 

J\y\>M+\s\ 

which implies that the right-hand member of (j5.2ip tends to as n ^ oo. 



BLOW-UP FOR ENERGY CRITICAL WAVE 



35 



If Afc(,,„ < Aj,„, Rj^n 0, and thus 



TRi 





\dtW{s,y)\ 


Jo ■J\y\>Rj,ne+\ 





TR 



■j,n Jo 



IdfW {s,y)\ dyds 



concluding the proof of (|5.16|) . 

Step 3. Uniqueness argument and conclusion of the proof. 
By dsn]), 

rT r 



dx dt = oi. 



T Jo J\x\>e+\t\ 

Consider the mapping x 

ifo, fi) r [ dtU'° (t, x) dtf{t, x)dx dt, 

^ Jo ■J\x\>e+\t\ 

where f{t, x) is the solution of the linear wave equation with initial conditions (/o, /i). This is 
a continuous linear form on x L^. By (I2.13p . 



3/2 ,„J 



weakly in x . 



Hence 



lim — 

n— KX> T 



T 



10 -'|2.i>e+|t 

and we conclude that for all e > 0, 



dtU^^' {t, X) Xt\dtW^{Xk,,nt, Xk,,nx)dx dt = 0, 



1 



T Jo ^|a;|>£+|t| 



Letting e ^ we get 



1 
T 



T 



J\x\>\t\ 



dtU'"' {t, x) 



dxdt = 



dxdt = 



This shows that dtU''o(t, x) = if t < \x\ and < t < T. Let 



Then 



n = G [0,r] X M^, |x| > t| 

(t,x) U''%t,x) = C/o°(x). 



In the non-linear wave equation dfU''° — MJ^° — [U'"')^ = becomes AC/'^" = -(C/'^")^. 
Thus J/'^" satisfies in the sense of distributions the elliptic equation 

AUl^" = -{U^°y in M3\{0}. 

This shows that is smooth in \ {0} and satisfies the preceding equation in the classical 
sense in \ {0}. As a consequence is a distribution in H ^(M^), supported at 

the origin. The only distribution with these properties in dimension 3 is and we deduce 

AUl^" + {U^"f = 
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in the sense of distributions on M'^ and thus by Claim 12.21 as is radial, 

U'%x) = (^) or U'^^ix) = -^W (^) or U'^> = 0, 

for some Aq > 0, which yields the desired contradiction. The proof is complete. □ 

6. All radial compact solutions are stationary 
In this section we show Theorem [2j 

We will assume without loss of generality that A is continuous on (T_(u), T+(ti)) (see [KMOG^ 
Remark 5.4]). 

Step 1. 

We show in this step that the solution is globally defined. Assume that T^{u) < oo. For 
the sake of simplicity, we will assume that T^{u) = 1. By standard argument (see Section [3]), 
X{t) < C(l-i). By |KM08l Section 6], self-similar, compact blow -up is excluded, which implies 
that there exists a sequence {r„}„ such that 

Tn G (0, 1), lim r„ = 1, lim = 0. 

n— »oo n~>+oo 1 — 

Using that the regular part of v at the blow-up point t = 1 is 0, we get, arguing as in Corollary 
15.31 that there exists a sequence {tn}n such that 

(6.1) Vn, Va G (0, 1 -t„), -/ / \dtu{t,x)\^ dx dt < -. 

0- Jt^ Jrn n 

Consider {Uq, C/i) G x such that for a subsequence, 

/ JV-2 N_ \ 

lim (X—{tn)u{tn,X{tn)x),\^{tn)u{tn,\{tn)x)) ={Uq,Ui). 
n— »oo \ / 



Let U be the solution of (jl.ip with initial condition [Uq^Ui) and tq G (0,T+(C/)). Then by 
Theorem O 

lim / / X^{tn){dtu{tn + X(,tn)s,X{tn)x))^ dxds= / {dtU{t)fdt. 



n— >oo 







By (j6.ip . we obtain 

A^(tn) {dtu{tn + X{tn)s,X{tn)x)f dx ds 



-y rToX(tn) 



, , {dtu{tn + t , x))'^ dx dt > 0. 

X{tn) Jo Jrn n^oo 

As a consequence, dtU = for t G [0, tq]. By Claim [2^21 U = or U = up to the invariances 
of the equation. If U = 0, then E{uq,ui) = 0, and as the ||u(in)||//i tends to 0, this implies by 
Claim [231 that n = 0, contradicting our assumption. Thus U = W up to the invariances, and 
by conservation of the energy we get that E{uo,ui) = E(W,0). 

The solution u of (jl.ip has threshold energy E{W,0), is not globally defined and satisfies 
uq G L^. By the Theorem 2 of [DM08], N = 5 and u has to be the special solution 
constructed in this paper, which satisfies \\u{t) — W\\jji < as t — > — oo. This contradicts the 
fact that u has compact support in space, concluding step 1. 
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Step 2. We assume in this step that A is bounded on [0, +00) or on (— oo,0], and show that 
E{uo,ui) = E(W,0). By time symmetry we can assume that A is bounded on [0,+oo). By the 
preceding step, 

r+(n) = +00. 

Let us fix G Cq°(M'^) such that = 1 for |x| < 1, </> = for |x| > 2. For R > 1, consider 

(pR = ^Pi^/R), '4'R = x(p{x/R) and 

r U|2 

(6.2) p{R) = sup 7^ + iV^xp + lOtup + \ufdx. 

te{T^{u),T+{u)) J \x\>R m 

The compactness of K and the boundedness of A imphes that p{R) is finite, and tends to as 
R goes to infinity. Let 

VRit) = I i'R- ^udtudx + \ I (fRudtudx. 
Then (see |KM08l Lemma 5.3]) 

(6.3) y'j,it) = - [ {dtufdx + 0{p{R)). 



Integrating with respect to time, we get that there exists a constant C > 0, independent of i?, 
such that for all T > 0, 

\\dtu{t)\\l^dt < \yR{T) - + CTp{R). 



using that, for any fixed ii > 0, yR{t) is bounded independently of t, we get 

(6.4) hin i r \\dtu{t)\\l,dt = ^. 

We next show that there exists a sequence that tends to infinity and such that 

(6.5) lim -— / \\dtu{t)\\l,dt = 0. 
Indeed, define a sequence r„ by 

T"0 = 0, Tn+i = T„ + A(r„). 

We first show that r„ — > +co. If not, r„ has a finite limit = X^.„>o '^(''"n)) which shows by 
continuity of A that A(roo) = a contradiction with the assumption that A takes strictly positive 
values. 

To show ()6.5p . we argue by contradiction. Assuming that no subsequence of {t„} satisfies 
(|6.5p . we get that there exists e > such that 

Vn, I \\dtu{t)\\l-2dt>e\{Tn). 

Summing up, and using that r„_|_i = Yl^k=i ^i'^k), we get 



Tn+l Jo 

contradicting (j6.4p . Hence (|6.5p . 



Vn, / \dtu{t)\l2dt>£, 
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Extracting subsequences, we get {Uq, Ui) G x such that 

'A^/2-itx(t„,A(t„)x),A^/29i^z(i„,A(tJx)) {Uo,Ui). 



Let U be the solution of (jl.ip with initial conditions (Uo,Ui). Let £ such that 

9o<l. Then by Theorem EH 



1 rtn+A(in) „ 1 ftn+do^{tn) 



\\dtU{t/X{t^))\\l,dt + On{l) 

j-do 

= / \\dtU{s)\\l,ds + On{l). 

Jo 



By ([63]), we get that dtU = on [0, Bq]. By Claim E^l [/ = T^, which shows that E{Uo, Ui) = 
E{uo,ui) = E{W,0). This concludes Step 2. 

Step 3. We next show that E{uq,ui) = E{W, 0) also if A is unbounded on both intervals [0, +oo) 
and (— oo, 0]. We will use an argument of |KM06j to reduce to the previous case. We sketch the 
argument for the sake of completness. Consider the sequence {tnlm 

tn = inf {t G [0, +oo) I A(i„) = n}. 

By continuity of A and the fact that X{t) tends to +oo as t tends to +oo, we get that t„ is 
well-defined for large n and 

(6.6) lim tn = +00, Vt G [0,t„], A(t) < A(t„). 



n— >oo 



Extracting subsequences, consider {Uo,Ui) such that 

lim (x''/^-HtnHtn,X{tn)x),X''^\tn)dtu{tn,X{tn)x)) ={Uo,Ui 



Note that we cannot have {Uq,Ui) = (0,0) (this would imply, by Claim [2T3] that u = 0). Let 
U be the solution of (jl.ip with initial conditions (Uq, Ui). By the arguments of |KM061 Proof 
of Theorem 7.1], we can show, as a consequence of the compactness of K and (j6.6p . that there 
exists a continuous function A on {T^{U),T^{U)), bounded on (T_(C/),0] and such that 



K 



x^/^~\t)u{t,x{t)x) ,x''/'{t)dtu{t,x{t)x)) , t G (r„([/),r+([/))} 



has compact closure in x L^. By Step 1, U is globally defined. By Step 2, as A is bounded on 
(— oo, 0], we get that E{Uo, Ui) = E{W, 0). Thus by conservation of the energy of n, E{uo,ui) = 
E{W,0) which concludes this step. 

Step 4. Convergence in mean to W. By \BM08\ Theorem 2], ||Vn(t)|||2 > ||VVF|||2 for ah t: if 
not, u would scatter at least in one time direction, contradicting the compactness of K. 

To show the that u = W, we will use the arguments of |DM08l Section s]!. In this section, 
it is shown in particular that a globally defined solution u of (jl.ip of energy E{W, 0), satisfying 
||Vuo||^2 < 1 1 ^^11 £,2 and such that there exists A(t) with K compact must be equal to W 
up to the symmetries of (II. ip . We will quickly check here that the same proof works with a 



%n the cited paper, the notation X{t) stands for the function 1/A(t) of the present paper 
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slight modification in the case \\Vu{t)\\l2 > \\VW\\l2. As usual, we may assume that \{t) is a 
continuous function of t. Let 

d(t) = 8^ {dtuf + |Vup - j iVVFp^ > 0. 

By the characterization of W ( |Aub76j . [Tal76j ) . for any d(to) = if and only if u(to) = 
up to the symmetries of the equation. In this case, by uniqueness of the Cauchy problem, u{t) 
is a stationary solution identically equal to W up to the symmetries. 
In this step we show that 



(6.7) lim - / d{t)dt = 



+T 



T 



Consider a function (p G Cq° such that = 1 if |x| < 1, and denote by fR{x) = ip{x/R). Let 
9R{t) = 2 J udtUifR and note that \gR{t)\ < CqR, for a constant Co > depending only on 
sup^ ||5tu(t)||^2 + ||VM(t)||^2. Using that u is solution of (jl.ip . we get 

(6.8) g'R{t) = d{t) + AR{t), 
where 

(6.9) \Aii{t)\< [ -^u^ + u'^ + lVul^ + idtuf. 

J\x\>R fI 

As in the case ||VM(t)||i2 < ||VP^||i2 we will use that gn and g'j^ vanish for u = W, and that 
\g'j^\ is larger than d(t) up to the remainder term Ar. In our case, the definition of gji is slightly 
different but it will not affect the proof. 

Fix a small e > 0. Using as in the proof of Lemma 3.3 of |DM08j that A(t) /i ^ as t — > ±00, 
we get that there exists a constant Ci, independent of e, and a time ti = ti{e) such that 

VT > 2h{e), Vt G [h{e),T], g'^^it) > d(t) - Cie, 

integrating between ti and T we get that ^ d{t)dt tends to 0. The same proof works for 
negative time, yielding (16. 7p . 

Step 5. In view of (j6.8p . and refining the bound on gR{t) and the estimate (j6.9p on AR{t) 
by modulating the solution around W for small d(t), we get that there is a constant C > 
(depending only on the set K) such that 

(6.10) Vo-, r G M, a <t^ [ d{t)dt < C ( sup A(t) ) {d{a) + d(r)) 

Jo- \cr<t<T / 

(see the proof of Lemma 3.8 in |DM08j ). Using compactness and modulation arguments, we get 
the following control on X{t) (see Lemma 3.10 in |DM08j and its proof) 

(6.11) CT + A((7) < T ^ |A((j) -A(t) I < / d{t)dt. 

J a 

Consider two sequences Un — > —00 and — > +00 such that d((T„) — > and d(r„) ^ as n — > 00. 
The existence of and {T„}n is given by (j6.7p in Step 4. Let no such that d(T„„) < |. Let 

us prove by contradiction that A is bounded. For large n, let tn G [Tno)7"n] such that 

A(tn) = max A(t). 
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If X{tn) — > oo, then by continuity of A, t„ oo. In particular for large n, r^^ + A(rno) < tn, and 
we can deduce from (j6.10p and (j6.1ip that 

A(tn) < A(r„o) + A(t„) Q + d(T„) 

a contradiction if A(t„) ^ +c«. Thus A is bounded on [0,+oo) and a similar proof yields the 
boundedness of A on (—00, 0]. As a consequence of (|6.10p . we get 

'"d(t)dt < C(dK)+d(r„)), 

n 

which implies that d{t) = for all t, concluding the sketch of the proof. 

□ 

7. Bounded globally defined solutions are not self-similar 

This section is dedicated to the proof of the following proposition, which will be needed in 
Section [8] and uses some of the material of Section [3l 

Proposition 7.1. Assume that N = 3. There exists a constant 771 > with the following 
property. Let u be a spherically symmetric solution of (jl.ip such that T'^{u) = +00, which does 
not scatter for positive time and such that 

(7.1) sup \\vu{t)\\l, + \\dMt)\\l2 < \\vw\\l, + m- 

t>0 

Define 

(7.2) z.(t) = inf|^ : ^ |a,n(t)|2 + |Vn(t)|2 < i J iVW^^j. 

Then there exists a sequence t„ ^ 00 such that 

(7.3) hm ^ = 0. 

n— +00 tn 

Proof. We argue by contradiction. Assume that (|7.3p does not hold. Taking into account the 
finite speed of propagation, we deduce that there exist cq, Cq such that 

(7.4) yt > 1, cot < v{t) < Cot. 

Step 1. Let A be the set of y^j such that there exists tn — > +00 with 



1/2 \ / 

tn! u{tn,tnX) \ f Uq 



^1^^ weakly in x L" 



\tf/^dtu{tn,tnX)) --+00 V^l 

In this step we show that there is a (^O) Ai) £ A with minimal energy, that is such that 

(7.5) V(C/o, Ui) G A, E{Ao, A^) < E{Uo, Ui). 

We first show that A is sequentially closed in x L? for the weak topology. Indeed, let 
(C/o,n; Ui^n) {Uo, Ui), with {Uo^n, f^i,n) £ A. Consider a countable family of smooth compactly 
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supported functions {^j,'4'j)j&N which is dense in H^^ x L^. Then for ah k, there exists such 
that 

Thus there exists tj. > k such that 

/I /2 
{tfj u{tk,tkx) - Uo)ipj 

1/2 3 / z 

This shows that (t^ u{tk,tkx),t^ dtu{tk,tkx)) converges weakly to {Uo,Ui) and thus that 
{Uo,Ui)eA. 

We next construct the minimizing element {Aq,Ai) of A. Let {(C/o.n, f^i,n)}„ be a sequence in 
^ minimizing the energy. As {{Uo^m f^i,n)}„ is bounded in x L^, we can extract a subsequence 
from {(Uo,n, Ui,n)}n such that 

{Uo,n,Ui^n) ^ (^0,^l) e A. 

n—>oc 

Denote by WQ^n = ^^o,n — ^O) w^i,n = ^^i,n — ^1- Writing after extraction of a subsequence the 
profile decomposition of the sequence (C/o,n) t^i.n) and using the Pythagorean expansions (j2.14p . 
(pl5]) and (I2l6]) . we get 

(7.6) ||V?7o,„||i2 + ||t/i,„|||2 = llVAollia + \\Ai\\l2 + ||Vziyo,n|li2 + ||il?i,„||i2 +o„(l), 

(7.7) ^([/o,„, C/l,„) = ^(^0, ^l) + E{wo,n,Wl,n) + On(l). 

By (17. 6p and assumption (I7.1|) . we obtain, for large n, 

llV^ollia + Pl||i2 + ||Vz?o,n||i2 + WVwi^nWh < ||VM^|||2 + 27?i, 

which shows by Claim [2l3] that in (j7.7p . all the energies are positive. Thus 

inf E{Vo,Vi)= lim E{Uo,n,Ui,n) > E{Ao, A,), 

(Vb,Vi)e.A n^+oo 

implying that (^o ) Ai ) satisfies (I7.5P . 

5tep ^. Profile decomposition. 

Consider an arbitrary positive sequence {T„}n that tends to +00 and such that 

(7.8) (T}^/'^u{Tn,Tnx),T^/'^dtu{Tn,Tnx)) ^ (^o,^i), Weakly in X L^, 

where {Aq, Ai) is the minimal element of A defined in Step 1. 

Extracting a subsequence from {r„}„, we can assume that their exists a profile decomposition 

|c/l|) {^j,n,tj,n} associated to the sequence (M(r„), 9tM(r„))„. 
Reordering the profiles, we may assume 

(7.9) ||V?7oii2 + ||f/il^2 =sup||V[/i^'||'2 + PiWl,. 
We remark that 

(7.10) ||Vf/olL + ||f/ill2>^||VW^||i2. 

If not, the result of |KM08j would imply that all nonlinear profiles scatter showing by 
Proposition 12.81 that u scatters for both positive and negative times, which contradicts our 
assumption. 



+ 



{U: 



+ 



{tl^'^dtu{tk,tkx) - Uijipj 



< 



j = 0...k. 
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As a consequence, we get from (|7.ip and again the result of |KM08j that for ah j > 2, the 
nonhnear profile scatters both for positive and negative time. 

Extracting and time translating Ul if necessary, we may distinguish three cases 

(a) lim —111 = -|-cx). 

(b) lim —111 = —Qo. 

(c) Vn, ti^n = 0. 

Case (jaj) is clearly excluded, as it would imply by Proposition 12.81 that u scatters for positive 
time, contradicting our assumptions. 

Assume that (jb]) holds. Then the nonlinear solution scatters for negative time. Precisely, 
by definition of U^, 

lim \\Ul{t) - U\t)\\^, + \\dtU^{t) - dtU\t)\\^, = 0. 
Furthermore, by Proposition 12. 8^ denoting as usual by Un the rescaled profiles (see Notation 

El, 



(7.11) U{0) = -4hUI fJll^^, ^\+J2ui {-Tn, X) + wi{-Tn) + ri{-Tn\ 

(7.12) dtu{Q) = ^dtUl (zh^ZJjl^ A^) + E ^^^n i-rn,x) + dtwii-r^) + dtr'j-Tr.), 

Let Vn{t) = Si^{t) (^X\^^u (0, Xi^nx) , A'^^^fi (0, Ai^„a;)^ . By orthogonality of the parameters {Aj^„}, 
{'tj,n}, the developments (|7.1ip . (j7.12p imply 

(^) (^)) ^ ^"«-"'> ' ^ • 

since — > +cxd this would imply (J7q, Ul) = (0,0), a contradiction. 
Step 3. Compact main profile. It remains to consider case (jcj). By (j7.4p . 

(7.13) / \Vu{Tn,x)\^ + \dtu{Tn,x)\^dx 

J CoTn<\x\ 



Tn,x)\'^dx. 



< \ f IVP^P < f |Vn(r„,x)|2 + \dtu{ 

■J J C()Tn<\x\ 

This shows by assumption (j7.ip . 

/" |V7z(T„,x)|2 + |atn(r„,x)|2dx< ^ /" |Viy|2 + r/i 

and thus by (j7.10p (using that t\^n = 0), Ai^^ ~ Tn- Extracting subsequences and rescaling 
we may assume that A^ yi = Tn- Then by (|7.8p . 



(7.14) Ul=Ao, Ul = Ai. 
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We will show that T-{U^) = -1 and that 



(7.15) 



K 



{t,{l+t)x) 

(i + tf/^dtU^ it,ii + t)x) 



, te (-1,0] 



has compact closure x L^. This type of self-similar solution is excluded by [KM081 Section 
6]. Let a £ (r-(C/i),0). Then by Proposition EEl 



(7.16) 



u{Tn + aTn) 



.1/2 



a. 



{aTn) + wi{aTn) + r^icTTn), 



(7.17) dtu{Tn + aTn) 

Let 



Ij^dtU^ (a, —^+Y1 ^i^n (f^^n) + dtwiiaTn) + dtr^iaTn). 



3/2 
Tn 



Zi{t) = Y,Ui{t)+wi{t). 
i=2 

By Remark 12. 101 we have for large J and n, 
By assumption (j7.ip and using (j7.10p . we get 



(7.18) 



Vt,xZi{aTn)\\l, < \\\VW\\l,+27]i. 



IL2 ^ 3 

By (17. 4p and the triangle inequality, we deduce for large J and n, 



\l\VW\^<Jf |Vt,.n((l+<j)r„, 

J V Jco(1+(7)t„<|x-| 



x)\'^dx 



< 



Co{l + <T)Tn<\x\ 'n 



Vt..C/i a. 



X 



dx + 



co(1+o-)t„<|z| 



Vt,xZi{aTn,x) 



dx + rji. 



Thus by (j7.18p . and if iji is chosen small enough so that the left hand side inequality holds, 



\VW\ 



(7.19) (2^)'/' < ^ 

Using again assumption (j7.ip . we obtain 
VaG(-l,0), [ 



|VW^|2 + 2r7i -rii< 



\Vt,xU'{a)\'. 



co(l+a)<\x\ 



x\<cq{1+(j) 



Wt,xU\a)? < [ \VW\ 



In view of (j3.4p in Theorem l3.2l we must have T~ {U^) < — 1- We cannot have T''{U^) < — 1 be- 
cause (|7.16p . (|7.17p with a = —1 would give a nontrivial profile decomposition for {u{0), dtu{0)), 
a contradiction. Thus T~{U^) = —1. 

Next, note that by the development ()7.16p . (j7.17p . we have 



t}^/'^u{{1 + a)Tn,Tn-),Tl/'^u{{l + a)Tn,Tn-) 



{U\a),dtU\a)) 
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This shows that 

(7.20) V(TG (-l,r+(f/i)), (^{1 + a)^/^U\a,il + ay),il + af/^dtUHa,{l + a)-)') e A. 

We next show that K defined by (j7.15p has compact closure in x L^. Indeed, let t„ be a 
sequence that goes to —1 and assume after extraction that (weakly in x L^) 

(7.21) ((1 + tn)'/^U\tn, (1 + tn)-), (1 + t^f/^dtUHtn, (1 + *„,)•)) {Uo, U,) . 

Then by (I7.20p and the fact that A is closed for the weak topology, ^C/q, Ui^ G ^ . In particular, 
using that {Uq, U^) = {Aq,Ai) has minimal energy in A, 

(7.22) 0<E{U^,Ul)<E(Uo,Uiy 

We must show that (I7.2ip is (at least for a subsequence) a strong convergence. For this, consider, 
after extraction, a profile decomposition for the sequence 

[uHt...) - ^^u„ (^) .8.uHt...) - j^u, (^)) . 

Denote the profiles by , the parameters by Sj^n and uj^n and the remainders by w:^. By the 
Pythagorean expansion of the energy 

E{U^,uI) = E{UoA)+Y.e(v^ ,dtV^ {^)) +E{wi^,win)+On{l)- 

By Claim [2^ all the energies are positive in this expansion. By (j7.22p . E{Uq, Ui) = E{Uq, Ul), 
and thus using Claim [23] again, = for all j > I and ||V{t;Q„||^2 + Hi^f^ll^j tends to as 

n tends to infinity, concluding the proof of the compactness of K in x and yielding the 
desired contradiction. Note that in this last argument, we only needed the profile decomposition, 
for a fixed J, to show that the weak convergence (I7.2ip and the inequality (|7.22p imply the strong 
convergence. The proof of Proposition 17.11 is complete. □ 

8. Proof of the main result 
In this section we show Theorem [TJ 

Assume that = 3 and that n is a spherically symmetric type II blow-up solution such that: 
(8.1) sup \\Vu{t)\\l, + \\dtu{t)\\l2 < \\VW\\l2 + r?o, 

To<i<l 

The proof of Theorem [1] takes several steps. Consider the singular part a of u given by Definition 
13. 3i In ^8.H we show that a profile decomposition of a sequence (o(r„), (9ja(r„)), t„ — > 1~ admits 
a large profile which is compact up to scaling. In ^8.21 we show that, at least for a time sequence, 
the concentration is not self-similar, i.e that u satisfy the assumptions of Section [5j In ^8.3^ we 
show that a{t) is compact in the energy space up to a scaling parameter. In ^8.41 it is proven 
that the only limit as t tends to 1, of a{t) up to scaling is W. We then conclude the proof of 
the theorem. 
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8.1. Compactness of the main profile. 

Lemma 8.1. Assume that N = 3 and that ()8.1I) holds. Consider a sequence Tn 1~ , a profile 
decomposition {U^^, {Xj,n}, {'tj,n} associated to {a{Tn) , dta{Tn)) and reorder the profiles (after 
extraction) so that (13.11|) holds. Then all the profiles , j > 2 scatter. Furthermore does 
not scatter for positive nor negative time, 

(8.2) \\U^\\l. + \\Ul\\l,>l\\VW\\l„ 

and the sequence I > is bounded. 

In other words, the largest profile is compact up to modulation and we may assume that 
ti,n = for all n. 

Proof. The inequality (j8.2p follows from Lemma 13.61 The assumption ()8.ip implies that for all 
j > 2, ||C/f ||^2 + llVC/^ll^a < 5l|VVF||^2 Thus ah nonlinear profiles W, j > 2, scatter both 

forward and backward in time. To conclude the proof, it is sufficient to show that does not 
scatter forward nor backward in time, which would imply that | | is bounded. Assume 

that is globally defined and scatters forward in time. Then, by. Proposition 12.81 u is globally 
defined and scatters forward in time, a contradiction. It remains to exclude the case when 
is globally defined and scatters backward in time. By Proposition 12.81 again, we obtain that for 
t < 0, 

J 

u{Tn + t,x) = v{Tn + t,x) + ^ Ul {t, x) + W:^(t, x) + r^(t, x) , 

J=l 

where 

lim limsup||r;{||5(_oo,o)+ sup (||Vr;((i)||i2 + ||ajr;{(t)||i2) = 0. 

The solution scatters backward, but not forward in time. By [KM08j . this implies that 
E{Uq, Ul) > E{W,0). As a consequence, for all t in the domain existence of U^, 

(8.3) \\VU\t)\\l2 + \\dtUHt)\\l, > 2E{U^,Ul) > 2E{W,0) = ^||VI^||i2. 

Let to £ (■^0) l)i where tq is defined in ()8.ip . Taking t = to — "^n < in the preceding decompo- 
sition, we obtain that for large n, 

N 1 jjl I to — Tn — ti n X — Xi n\ „ , s 

u{to,x) = —^U ( ,— l+i?o,n(a;), 

dtu(to,x) = ^rj:rdtU r r ] + Rl^n[.x), 

where by Pythagorean expansion, ||Vi?o,n|||2 + ||^i,n|li2 < |l|VW^IIi2 By (18. 3p . we get 

that { {u{to), dtu{to)) } , considered as a sequence in n, admits a nontrivial profile decomposition 
(recall that Ai^„ — > 0), a contradiction. The proof is complete. □ 
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8.2. Existence of a sequence avoiding self-similar blow-up. 

Proposition 8.2. Assume N = 3 and let u be a radial solution satisfying (jS.ip . Then there 
exists {Tn}n, {l-Wi}n with 

Tn ^ l~ , < IJ,n ^ I — Tn as n ^ OO 

such that 



lim / {dta{Tn,x)f + \Va{Tn,x)\'^ + -^{a{Tn,x))'^dx = 

Corollary 8.3. 



lim E(a(t),dta(t)) = E(W,0). 

Proof of Corollary The result of Proposition 18.21 implies by Proposition 15.11 that (replacing 
u by —u if necessary), there exists a sequence r„ — > 1~, a sequence A„ — > such that 

(8.4) a(r„, x) = -^W (^y^ + wo,n 

(8.5) dta{Tn,x) = o(l) in L? as n ^ oo, 

where, denoting by Wn the solution of (j2.ip with initial condition (^wcnjO), 

lim \\Wn\\s(-oo,+oo) = 0. 
n— >oo ^ ' 

Step 1. We first show 

(8.6) lim ll'Wo.nllm = 0. 

n— >oo 

Let us mention that this step still works, with a small refinement, replacing the assumption (j8.ip 
by the more general (|4.ip . 

Assume that ()8.6p does not hold. Extracting a subsequence in n, we can assume that there 
exists eo > and, for all n, r„ > such that 



\S/WQ^n{x)\^ dx > So- 



X >rn 



Then, arguing as in the proof of Proposition 14.41 (see (I4.40p ). we get that for large n, 

/ \dr{rwo^n){r)\'^ dr > —. 

J Tn 

Next, the fact that Wn{t) = Wn{—t) and Lemma 14.21 imply that for large n, for all T > 
(8.7) / \Vt,^Wni-TXn,x)\^dx>^-^. 

J\x\>rr,+TX„ 4 

By Proposition 12.81 we have 

a(r„ - TXn) = -^W + Wn{-T\n) + On(l) in 

^ dtaijn - TXn) = dtWn{-T\n) + o„(l) in L^. 
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Combining with ()8.7p we get that there exists an increasing sequence {n^} such that r^j, — A;A„j. > 
and 

/ \^t,xa{Tn^ - kXn^,x)\'^ dx > ^. 

J\x\>r„^+kXn^ ° 

In view of (jS.Sp . this contradicts Proposition 14.41 (here = Step 1 is complete. 
Step 2. By Step 1, 

lim E{a{Tn),dta{Tn)) = E{W,0). 

n— >oo 

Note that 

E{u{t),dtu{t)) = E{v{t),dtv{t)) + E{a{t),dta{t)) + o{l) as t 1~, 

which shows by conservation of the energy for u and v that E{a{t), dta{t)) has a limit as t — > 1~, 
concluding the proof of Corollary 18. 3[ □ 

Proof of Proposition \8.2l We argue by contradiction. By Hardy's inequality 



/ T^{a{t,x)fdx<C f |Va(i 

J\x\>R fI J\x\>E. 



x)\'^dx, 



so that we only need to show that there exist sequences fin and r„ as in the proposition such 
that 



lim / {dta{Tn,x))'^ + \Va{Tn,x)\'^dx = 



\x\>flr, 

If this does not hold, there exists a > and eo > such that 

(8.9) VtG(0,l), / \dta{t,x)\^ + \Va{t,x)\^dx> Eq. 

J\x\>a(l-t) 

Step 1. We first show that there exists P > such thall 

(8.10) liminf / \dta{t,x)f + \Va{t,x)\^dx > -\\VW\\l2. 

J\x\>^ii-t) 3 

Indeed, assume that (|8.10p does not hold, i.e. that there exists sequences t„ — > 1~, /3„ — > 0"'" 
such that 

(8.11) / \dtaiTn,x)\^ + \Va{Tn,x)\^dx<hvW\\l2-ei. 

J\x\>/3n{l-r„) -3 

After extraction, consider a profile decomposition {U^, {tj,n,^j,n} for {(a(T„), 3ta(T„))}^. Re- 
ordering the profiles, we assume ()3.1ip . i.e that is the largest profile in the energy space. 
By Lemma l8.ll we may assume that = 0, and the norm of (C/g , Ul) in the energy space is 
bounded from below (see (j8.2|) ). 

Let £2 > to be specified later. By Proposition 13.81 there exists T G (0, T+(C/^)) such that 

\\VU\T)\\l2 + \\dtU\T)\\l2 > \\VW\\l2 - 82. 



'we could replace |||VW^||^2 by ||VM^||^2 — Crjo for some large positive constant C, where 770 is given by (IS.lf) . 
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Then by Proposition 12.81 

J 

(8.12) a{Tn + Xi,nT) = Y.Ul (Ai,„r) + wi{\nT) + r;((Ai,„r) 

i=i 

J 

(8.13) dta{Tn + Ai,„r) = Y,dtUi (Ai,„r) + dtwiiXi^nT) + dtri{\^,nT). 

i=i 

The rescaled profiles Un are defined as usual (see Notation 12. 6p . Note that 

||vc/nAi,„r)||i. + ||atf/i(Ai,„T)||i. = ||vc/i(T)||i. + \m},{T)\\l, > \\vw\\l, - £2. 

Combining with (jS.ip . (j8.12p . (j8.13p and the orthogonality of the parameters, we get 



Al ^j.n 



E 

i=2 



Aj,n 



+ \\Vt.xWi{\l^nT)\\^2 < 7?0 + £2- 
L2 



And thus using the conservation of the energy 

i=2 

Take r^o and £2 so small that \{riQ + £2) < ^f^i, where (5i = (5i(2||VH^||^2) is given by Corollary 
14. 3[ Then is the only one large profile, i.e., with the notations of ^4.2[ Jq = 1. Assume that 
Ai,n = o„(l — Tn)- Then by Proposition 14.41 we would obtain 

lim limsup / {\Va{Tn)\'^ + {dta{Tn)f)dx = 

a contradiction with (|8.9p . Thus 

(1 - Tn) ~ Ai,n. 

Consider a sequence {/3n} such that 

/3„ < /3„ < 1 

Let X e C°°(]R3) such that x(2;) = 1 if |x| > 2 and x{x) = is |x| < 1. By Remark[2T0] 



|Va(T„,a;)|2 + |5ta(r„,x)|2 > / x h-- (| Va(T„, x)|2 + |aia(r„, x)|2) 

ki>/3„(i-T„) J \/3„(i-T„)y 

> /" X f (|V[/oHy)|^ + |C/i^(y)n dy 



Jn{l-Tn) 



I {m^iy)\' + \uHy)\')dy>l\\vw\\l,. 



This contradicts (j8.1ip and concludes Step 1. 
Step 2. End of the argument. Let, for t G [0, 1), 

(8.14) /i(t) = inf J : / |5ta(t)p + |Va(t)p > - / |VVF| 

y iixi<M 5 J 
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By Step 1 and assumption ()8.ip . 

(8.15) - t) < /u(t) < 1 - t. 

Take any sequence — > 1~ such that {a{Tn) , dta{Tn)) admits a profile decomposition. By 
Lemma Is. II and Step 1, we may assume, after extraction, 

||VC/(|||'2 + IIC/0II2 > ^llVt^lli^, ti,„ = 0, Ai,„ = « 1 - T„. 

Furthermore, the solution U does not scatter forward nor backward in time. Let £3 = where 
p is given by HiSlM . By Proposition O (if = -00) or Section [3|(if r_(C/^) G (-00, 0)), 

there exists -9 £ (r_(C/^),0) such that 

(8.16) [ \dtU\-9)\^ + \VU\-e)\^>l [\\/W\^. 

J\x\<eze ^ J 

Let us show that for large n 

(8.17) [liTn - 9fi{Tn)) < e3^^(r„). 
If this holds, we would get by (I8.15P 

P^0{1 - Tn) < /39fl{Tn) < - T„ + 0^(r„)) < ^ (r„ - 9fl{Tn)) < e39fiiTn) < y ^(1 " T„), 

a contradiction. The inequality (|8.17p is equivalent to the following 

(8.18) / |Vi,,a(r„ - 0/i(r„))|2 > ^ / \VW\\ 

J\x\<e30ti{rn) J 

We have, denoting by 9j^n = —9n{Tn) — tj^n, 

1 f X 

Uijn - 9^l{Tn)) = v{Tn " ^/u(t„)) + — -9, — - 

/X2(t„) V /^(^n) 

+ E -TH^' f T^' ^) + ^n(-^^K)) + ^n(-^/^(rn)) 

9fii(r„ - 6'/i(T„)) = (9t?;(T„ - 6'/i(7:„)) + — dtU^ ( -9, 



3=2 ^j,n 

where r;( satisfies 

lim limsup \\Vri{9fi{TnmL2 + \\dtr:^{9fi{Tn)\\L^ = 0. 

J— »+oo n— »+oo 

Let Jo such that for all J > Jo, for large n, ||5t,^.r;( ||^ < ^/|VVF|2. Let '0 G C(f (M^) with 
V'(x) = 1 for \x\ < 1 and ^(x) = for |x| > 2. Then by Remark 12.101 



|Vt,,.a(r„ - e//(T.))|2 > y V |Vt,.[/i(-^)|2 > iVl^p 



j39fl{Tn)_ 

hence (I8.17p . The proof is complete. □ 
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8.3. Compactness of the singular part. 

Proposition 8.4. Under the assumptions of Theorem{l\ (in particular N = 3 and u is spherically 
symmetric), a is compact in the energy space up to a scaling parameter: there exists a continuous 
function A(t), t G (0, 1) such that the closure of 

K = I (^\^/'^{t)a (t, X{t)x) , A3/2(t)9(a (t, A(t)x)) , t G (0, 1)} 
is compact in x . 

Proof. It is sufficient to show that for any time sequence Tn 1, there exists a subsequence of 
Tn and a sequence An such that (^xl/^a (t„, Ana;) , X^'^dta (r„, Xnx)^ converges in x L^. 

Let r„ ^ 1. After extraction of a subsequence (in n), assume that (o(r„), dta{Tn)) as a profile 
decomposition with profiles Ul and parameters Xj^n, tj,n- Let C/^ be the largest profile. By 
LemmaEH ||V;7o^||i2 + \\UI\\l2 > |||VP^|||2. By dH]) and the Pytha gorean expansions (12.14p 
and (|2.15p . we get 



and 



\ywi{Tn)\\l. < \\\yw\\i, + r^o 



Mj > 2, \\VUX^ + \\Ui\\l2 < ^\\VW\\l,+r]o. 



This implies that the energies of , J > 2 and of w:^ are all positive (see Claim 12. 3p . We 
distinguish three cases: 

• If E{U^ ,dtU^) > E{W,0), then by Corollarv 18.31 and the Pythagorean expansion of the 
energy (using that all energy are positive), we obtain immediately that E{U^ ,dtU^) = 
E{W, 0), that there are no nonzero other profile and that {wq j^,w( ^) tends to as n ^ oo, 
hence the compactness property. 

• If E{U^,dtU^) < E{W,0), and ||VJ7oii2 + ||f^/|li2 < llVI^H^j, the profile scatters 
yielding immediately a contradiction. 

• UE{U^,dtU^) < E{W,0), and ||Vf/oi|2 + ||f^iii2 > IIVVFH^^. The nonlinear solution 

blows up in both time directions. By Proposition [2?8l is a type II blow-up solution 
of dLlD such that E{U^,dtU^) < E{W,0). Furthermore, as {a,dta) converges weakly to 
and {v, dtv) converges strongly in x as t — > 1, we have 



Vj,^n(t,x)r = j |Vt,^a(t,x)|' + j \Vt,xv{t,x)Y + o{l) . 

Thus also satisfies (|8.ip . which shows that contradicts Corollarv 18.31 
The proof if complete. □ 

8.4. Convergence to the stationary solution up to the scaling. In this section we con- 
clude the proof of Theorem [TJ Consider a solution u of (jl.ip satisfying the assumptions of 
Theorem [TJ By Corollarv 18. 3t 

(8.19) lim E{a{t),dta{t)) = E{W, 0). 

By Proposition 18.41 there exists X{t) such that the closure of 

K = I (^X^/^{t)a {t, X{t)x) , X^/^{t)dta {t, A(t)x)) , t G (0, 1)} 
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is compact in x L^. The following result is classical in this setting. 
Lemma 8.5. Let r„ be a sequence that tends to 1, and such that 
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K 



X^/\Tn)a{Tn,X{Tn)x),X''^\rn)dta{Tn,X{rn)x)) > {Uo,Ui) 

/ n—too 

in X L^. Consider the solution U of (jl.ip such that 

Uit=o = Uo, dtUit=o = Ui. 
Then there exists a continuous function X defined on {T-{U),T^{U)) such that 

( Xitfl'^U {t,X{t)x^ 

XXitf^dtU {t,x{t)x 

has compact closure in x L^. 
Sketch of proof. We have 

uirr.,x)=vir^,x) + j^^Uo (3^) +o.(l) 

dtu{Tn,x) = dtv{Tn,x) + 



tG{T^{U),T+{U)) 



A(r„)3/2^i VA(r„) 
Let T G {T^{U),T+{U)). By Proposition ESI 



Onil) 



in H' 
in L^. 



u{Tn + X{Tn)T, x) = t;(r„ + A(r„)r, x) + 



U T. 



dtu{Tn + A(r„)r, x) = dtv{Tn + A(r„)r, x) + 



AK)3/2 



at/ T, 



A(r„ 



+ o„(l) iniji 
+ o„(l) inL^. 



Letting cj„ = + A(t„)T, we get 
A((j„)^/^a(o-„, A(o-„)x) = 



C/ J , — ra: I + On(l) 



A(r„) 



A(r„) 



AK)3/25,aK,x) = (^^"\,U { T,^x ) +o„(l) 



A(r„) 



in 

in L^. 



Extracting subsequences, we obtain by compactness of K that there exists (Vo,Vi) G -fC such 
that 



lim 

n—i-oo 



A(r„) 



1/2 



UlT,^x 
A(r„) 



A(o-n] 
A(r„) 



3/2 



dtU T. 



A(o-n) 

A(r„) 



This shows that has a limit A(T) G (0,-|-cxd) (by conservation of the energy (0,0) ^ 



A(r)i/2f/ l'^-, A(T)x) , X{Tf/^dtU (t, X{T)x)) G K. 



and that 



The proof is complete, up to the proof of the known fact that the function T X(T) may be 
taken continuous for which we refer to |KM061 Remark 5.4]. □ 
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We next prove Theorem [TJ 
Step 1. Convergence to W for sequences. Let {tn}n be a sequence in (0, 1) such that t^i — > 1 and 

hm {\^l^{tn)a{tnA{tn)x),\{tnf'^dta{tnA{tn)x)) = {Uo,Ui) ill X L\ 
n— >oo 

In this step we show that for some Aq > and some sign + or — , {Uq, Ui) = ± i)^J^W{\Q-),v \ . 





Let U be the sohition of (jl.ip with initial condition {Uq,U\). By Lemma 18.51 U is compact 
up to scahng. By Theorem [21 U = up to the symmetries, conchiding step 1. 

Step 2. Estimate on the scaling parameter. Let 
\i{t) =inf i ^ > : 



f \Vu{t,x)-Vv{t,x)\'^dx> [ \VW\'^dx\ 

J\x\<^i -'|a;|>l J 



By Step 1, / \Va{t, x)\'^dx — > J |VVFp as i — > 1, which shows that Xi{t) is weU-defined for t < 1, 
close to 1. Consider a sequence t„ ^ 1. By Step 1, for to = —1 or +1 and some sequence of 
positive numbers {Xn}r 



a{tn,x) = Lo^W (yj +o„(l) in H\ 

Thus if /i > 0, 

[ \Va{tn,x)\^dx= [ ^vw(^) +On{l)= [ \VW{y)fdy + On{l) 

J\x\<u J\x\<a'^n X'^nJ J\y\<t^/>'n 



which shows that 



An 



lim -— — - = 1. 

n^oo Ai(tn) 

Thus 

(8^20) ) = ^^^W {j^^ +»„(!) in HK 

Step 3. Choice of the sign. Let 

/W = /V.(M).^VM^(^)... 



Then by Step 2, for each sequence ^ there exists a subsequence such that /(in) — > 
± j |VW^p. As / is a continuous function, the intermediate value theorem implies that the 
value must be the same for all the sequences {tn}- Changing u into — u if necessary, we can 
assume 

lim fit) = I IVVFP. 
t-*i~ J 

By Step 2, we get that for all sequences {tn}) 



n(tn, X) = .(t„, .) + J^,W ) + On(l), 



which concludes the proof of the development (jl.Sp . 
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Step 4- Estimate on Ai. Recalling that u — v is supported in the cone {|x| < 1 — i}, we get, for 
t close to 1 



= / \Vu{t) - Vv{t)\'dx = [ tL'^W (-^) 

J\x\>l-t J \x\>l~t ^l{t) \M[t)J 



2 

dx + o(l) 



|2, 



\VW{y)\'dy+ o{l) 



which shows that ^ +00, concluding the proof of Theorem [H □ 

Appendix A. Properties of profiles 

In this appendix we prove a pseudo-orthogonality property (Claim lA.ip and Claim 12.111 

Claim A.l. Assume that N > 3 is odd. Let {wn} be a sequence of finite energy solutions of 
the linear wave equation (|2.ip . bounded in the energy space and U be a finite energy solution of 
(j2.ip . Consider real sequences {A.„}, {j-in}, {tn}, {On} with A„ > 0, /i„ > 0. Assume that 



(A.l) X^/''Vt,xWn{tn, Xn) ^ m L\r''+'). 



Then, if ip = 1, or if ip is a radial, continuous, compactly supported function on W and such 
that (p{r) = 1 if r is small, there exist subsequences such that 

(A.2) hm / f Vt,xWn{en, x) ■ -47^Vt,xU ("^IL^, 1.) dx = 0, 

and 

(A.3) __lim^/ (l-^(M))v,,„„(«„.^)-^V,,f/(^.|-)d. = 0. 

Proof. We start to show (|A.2p when if = 1. By conservation of the energy for solutions of (12. ip . 

J ^t,xWn{On,x)-^Vt,xU ^ ^"^ ^" 'X~) '^^ ^ / ' y^^*'^'^ ^y^' 

By the change of variable A„y = x, we see that (jA.ip implies ()A.2p for 93 = 1. 

We next consider the case when 93 G C'^(]R^) is compactly supported and satisfies ip = 1 
around 0. Because of the case 93 = 1, one of the estimates ()A.2p or ()A.3P implies the other. By 
the change of variable /i^y = x, 



An \ An An 



dy, 



where ^n = y^, An = y^, tn = y^- Replacing u;„ by the solution {t,y) i-^ fin WnifJ-nt, fJ^nU) of 



(|2.ip . ^n by 6n, tn by tn and An by An, we will assume in the sequel, in addition to (|A.ip . that 
Hn = ^ for all n. 

Extracting subsequences, we distinguish two cases. 
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Case 1. Assume 
(A.4) 



1- I 
iim : = ±oo. 



n^+oo 

Then, by Lemma 14.1^ the energy of U ( ^"T^" , ) concentrates in sets of the form 



-'n 



tn\ ~ CXn ^ \x\ < 



l^n — tn\+ CXn^ 



Recalhng that /i„ = 1, we deduce that if \6n — tn\ — > +00, (|A.2p holds, and if \9n — tr, 
(IX3|) holds. In both cases, the proof is complete. 
We next assume, after extraction, that 



0, 



(A.5) 



lim en-tn = T£R*. 

n— »+oo 

Let £ > 0, and R (given by Lemma HTT]) such that 



lim sup 



Xn 



dx < e^, 



where Cn{R) = {x G M^, s.t |(9„ - 1„| - RXn < \x\ < |6'„ - t„| + RXn] and CC„(fi) is its com- 
plement in M^. Using the boundedness of \7t,xWn in (-^^)^'^"^) we get for large n 



{ip (x) - ip{\6n - tn\)) Vt,xWn{0 ni X) j^i^ 'Vt,xU 



'n '"n 



in X 



—— dx 



< 



C max \\'^{x) - '^{\en-tn\)\\ + Ce, 

where the constant C depends only on the energy of U and the bound of Vt,xWn in (L^)^"''^. 
As ip is uniformly continuous, and — > 0, we get by (|A.4p and (IA.5|) 



lim sup 

n— >+oo 



■Vt,xU 



A: 



in. X 



An An 



- — dx 



< Ce, 



and hence (using the case n = 1) 



lim sup 

n— >+oo 



(f{x)Vt,xWn{On,x)^^Vt,xU ,— 

An' V An An 



in. X 



— dx 



< Ce. 



The proof is complete if ()A.4p holds. 
Case 2. Assume 

(A.6) 



hm ^Ii—^ = toGR. 

1^+00 An 



Then by Lemma l4.1l the norm of -^wj2^t,xU ( , j- ) is localized in sets of the form 



{c-'Xn<\x\ <CXn]. 

If An — > +00 or An — > 0, the argument of Case 1 yields ()A.2p and ()A.3p . Let us assume 

lim An = Aoo e (0, +00). 
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Then 

Thus we must show 

(A.7) hm I ip{x)Vt,xWn{On,x)—^Vt,xU [to,-^] dx = 0. 

First notice that if ^> G (^2)^+^ 

X^'^Vt,xWn{tn. XnV) ■ X^H {XooV) dy + On(l)- 

At the last hne we used that A^^^<I> (A„y) converges strongly to A^'^^$ (Aooy) in (L^)^"*"^. Thus 
by ^ 

(A.8) Vt,xWn{tn,x) ^ in 

n^oo 

Next, consider the solution v of ()2.ip with initial data (fo,?^i) G -ff^ x L'^ such that 



Write 0„ = Aooio + + with e„ — > 0"*". Then by conservation of the energy 

•^{x)Vt,xWn{On,x)-^^Vt,xU (^tQ,^-^ dx = [ V t,xWn{6n, x)V t,xV{Q, x)dx 



00 



^t,xWn{tn,x)Vt,xV{-Xooto " ^n, = j Vt,x'Wn{tn,x)Vt,xVi-Xocto, x)dx + 0„(1), 

which shows ()A.7p in view of (jA.Sp . □ 

We next prove Claim [2TTTJ 

Proof. We prove the result when N is odd, although it should also hold when is even. Rescaling 
if necessary, we will assume 

(A.9) Vn, Xn = 1. 

Note that the assumption (j2.26p implies that for any sequence {A„}, {tn}, 

(A.IO) ( -4^wn — ] , -^dtwn — ] ] ^ (0, 0) weakly in x L^. 

\ Xn XnJ \ Xn XnJ J n->oo 

Indeed if (jA.lOp does not hold, the sequence {wn} would have a nontrivial profile decomposition, 
contradicting (I2.26p . 

Conversely, we claim that (|2.27p holds as soon as for all sequences {A„}, {tn\, 

(A.ll) ( -^Wn > Ardtwn Y-) ] ^ (0> 0) weakly in x L\ 

\X~^ V An A„/ V An XnJ J "^0° 
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Again, if (j2.27p does not hold, then the sequence {wn{0) , dtWn{0)) has a profile decomposition 
with at least one nonzero profile, which contradicts (jA.lip . 

Let us show (IXTTI) . Let {Zo,Vi) £ H'^ x and Vq £ such that AVq = ^o- Let V be 
the solution of (12. ip with initial conditions (Vb,Vi). We have 

(A.12) / —^Wn{^^,^]ZQ{x)dx+ I ^c^tWn ( -r^, ) Vi(x)(ix 

J \ J J \ '2 \ '^n ■^n J 

^ — f ^ — 

VxWn (0, x) ■ VxV{tn, \nX)dx + / dtWn (0, x) \^ dtV{tn, XnX) 



Vx {vi\x\)wo,n (a;)) • Xn ^xVitn, XnX)dx + j ^p{\x\)wi^n {x) X^ dtV{tn, A„x). 

Thus it suffices to show 

/jv f K 

(p{\x\)\7 xWo,n (x) ■ Xi V^F(t„, XnX)dx + / (f{\x\)wi n (x) X^ dtV{tn, A„x) = 
J 

(A.14) lim / (V^<^(|x|)) wo,n (x) ■ XjVxV{tn, Xnx)dx = 0. 



n— »oo 



The first limit, ()A.13p . follows immediately from Claim [A?T1 To show ()A.14p . we use that there 
exists C > such that Vip is supported in {1/C < |x| < C}, and distinguish several cases. 

If tn is bounded, then one can assume after extraction that t„ has a limit T G [0, +00). If 
A„ — > or A„ — > +00 then by Lemma |4.H 

(A.15) lim / X^\VV{tn,Xnx)\^dx = Q, 

'^^+°° Jl/C<\x\<C 

JV 

and (|A.14p follows. If A„ has a limit Aoo G (0, +00), then An W{tn-, A^x) converges strongly to 

JV 

X^VViT.X (X)X), and we are reduced to show 



lim / 



JV 

(Vx(/?(|x|)) WQ^n (x) ■ XSoW{T, Xoox)dx = 0, 

/C<\x\<C 



which follows from the fact that by (jA.lOp . w^^n tends to weakly in (and thus, by Hardy's 
inequality, that j^ifo.n tends to weakly in L^). 

We next treat the case when is not bounded. Extracting, we will assume that tn +00 (the 
case tn —00 is analoguous). If tn/Xn ^ or tn/Xn — > +00, Lemma \4A\ implies again (lA.lSp . 
and (1AT4]1 follows. It remains to consider the case when (after extraction), tn/Xn — > ^ G (0, +00). 
By Lemma l4.H for all e > there exists such that for all R> Rs, 



lim sup / A^^ |Vy(t„, A„x)|^ dx < e 

III I — An 

As a consequence, 

(A.16) lim sup / A^|Vy(tn,Anx)|^(ix = 0. 

'/ -An 
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It remains to show that 
(A.17) 

We have 



lim 

n— >oo 



ll-l-^l<:^ 



dr(p{\x\)wo^n {x) drV{tn, XnX)dx 



V An 



0. 



(A.18) 



dr(p{\x\)wo^n {x) drV{tn, \nX)dx 



1 

{x) A„2 drV{tn-,\nX)dx 

\x\ 



ll^|-^l<:7fc 



1 

£drip{i)7—rWo^n (x) \n drV{tn, XnX)dx + 0„(1) 



1 

r(f{i) I -T—rWo^n (x) Xn drV{tn, XnX)dx + 0„(1). 



At the third Une, we have used that r^rV? is continuous and thus 

hm sup \rdr^{r) — ldr^p{t}\ = 0. 
'^^«=|^_^|< 1 

At the last hne we have used ()A.16p . By Hardy's inequahty and assumption (jA.lOp . |^tfo,n 
converges weakly to in , and thus (jA.lSh implies (|A.17p , which concludes the proof of Claim 

Em □ 

Appendix B. Family of sequences of positive numbers 

Claim B.l. Let {Xn}n, {^n]n and for j G N, {pj,n\n, be sequences of positive numbers and 
assume 

(B.l) A„ < M„. 

Then, after extraction of subsequences in n, there exists a sequence {/in}n such that 
(B.2) A„ < ^„ < Un 

(B.3) \/k, fin < Pk,n or pk^n < Pn- 

Proof. Let for s G (0, 1), 

Pn{s) = A^-V^. 

Note that for any s E (0, 1), A„ <C Pn{s) <^ Vn- Let j £ N. Then, extracting subsequences in n 
if necessary, we are in one of the three following cases: 

Vs G (0, 1) pn{s) <C Pj,n or 
Vs G (0, 1) pj^n <■ Puis) or 

3sj G (0,1), Vs G (0, Sj), Pn{s) <^ pj^n and Vs G (sj,l), 



(B.4) 
Indeed let 



Sj = inf |s G [0, 1] I {pj,n/Pn{s)}n is bounded.j. 

Note that pn{s) <^ Pn{s') is s < s' . As a consequence, if Sj = 0, then pj^n/Pn{s) — > for 
all s G (0,1). Similarly if Sj = 1, then {pj,n/ Pnis)}^^ is never bounded for s G (0,1) and by 
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diagonal extraction we can find a subsequence such that pj^„//i„(s) — > +00 for any s £ (0, 1). 
Finally if Sj £ (0,1), then Pj^n/fJ-nis) for all s E {sj,l), and {pj,n/ fJ-nis)}^ is not bounded 
for s G (0, Sj). Using diagonal extraction again we can assume that Pj^n/p-nis) — > +00 for all 
s G {0,Sj). Hence (|R4l) . 

After another diagonal extraction, we can assume that (jR4]) holds for all j G N. Chosing 
s G (0,1) distinct from all Sj, and letting pn = puis) we get the desired properties ()B.2p and 
(EH). □ 
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